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はじめに
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無線物理層・記憶デバイス分野における高度な信号処理の必要性の高まり 

復号・信号検出問題への非凸最適化アプローチ：誤り訂正符号の復号問題、信号検出問
題を非凸最適化問題として定式化し、勾配法、近接勾配法などの最適化技法を利用する 

深層展開：反復型最適化アルゴリズムの信号流グラフを時間方向に展開したネットワー
クに対して、バックプロパゲーション・SGDなどの深層学習技術を適用する 

次のトピックスをご紹介します： 

GDBF復号法：LDPC符号の復号のためのビットフリップ型復号法（回路規模を
小さくしやすい）・非凸目的関数＋勾配法（的ビットフリップルール） 

射影勾配法を利用したLDPC復号法(ISIT2019): 深層展開を利用した復号法 

深層展開の考え方のご紹介 

圧縮センシング・MassiveMIMO検出問題への深層展開の適用



情報通信における復号問題情報通信における最適化

Encoder Decoder

y

! 情報通信システムにおいて、復号器における「復号（推定）
アルゴリズム」はシステムの要となる部分

! 望ましい復号アルゴリズム:
! 誤り率が小さい
! 計算量が少ない・高速動作可能である
! 実装しやすい

! 復号問題は、一種の組み合わせ最適化問題と定式化できる
! 近年、連続最適化技術と復号技術の接点に興味が持たれて
いる (本日のテーマ)



２つのアプローチ
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確率からのアプローチ：受信側で送信信号の事後
確率を計算し、事後確率に基づき送信信号を推定
する(ベイズ推定)→ビリーフプロパゲーション
(BP) 

最適化からのアプローチ：復号問題を一種の組み
合わせ最適化問題として定式化し、数理最適化手
法に基づくアルゴリズムにより、その最適化問題
を解く(最尤推定問題を最適化問題として定式化)



典型的な問題
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典型的な問題
符号

C ⊆ {+1,−1}n

! 興味がある符号長 nは数百～数万
! log2 |C | = Rn (R は 1未満の正定数: 符号化率)

最短距離復号問題
与えられた y ∈ Rnに対して

x̂ = argmin
x∈C

||y − x ||22

を見い出せ。

! 復号のために C は適切な構造を持つことが望まれる
! C が 2元線形符号の場合、NP困難性が示されている

2元符号

典型的な問題
符号

C ⊆ {+1,−1}n

! 興味がある符号長 nは数百～数万
! log2 |C | = Rn (R は 1未満の正定数: 符号化率)

最短距離復号問題
与えられた y ∈ Rnに対して

x̂ = argmin
x∈C

||y − x ||22

を見い出せ。

! 復号のために C は適切な構造を持つことが望まれる
! C が 2元線形符号の場合、NP困難性が示されている



復号問題への最適化アプローチ

!7

復号問題への最適化アプローチ
復号問題に対応する「連続最適化問題」を考えることにより、復
号アルゴリズムを設計するという考え方
凸緩和・LP緩和

x̂ = arg min
x∈conv(C )

||y − x ||22

! conv(C )は C の凸包
! 上記の問題は凸計画問題になる
! 実際には、C の凸包を含む近似凸包を実行可能領域とする

非線形最適化

x̂ = argmin
x

||y − x ||22 + p(x)

! pは符号語制約を与える非線形関数



LDPC符号の紹介
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LDPC符号の紹介

! ランダムに 2部グラフを作成
! ビットノード側には、(x1, x2, . . . , xn) ∈ {0, 1}nを割り当てる
! ひとつのチェックノードは、偶パリティ制約を表す。
! 充足解の集合 = LDPC符号 C

チェックノード

ビットノード

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10x11

x2 ⊕ x4 ⊕ x5 ⊕ x11 = 0(mod 2)



AWGN通信路モデル
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AWGN通信路モデル

S =

{

+1, X = 0

−1, X = 1

バイナリーバイポーラ

変換

⊕

N

ガウス雑音

S Y = S + NX

符号

シンボル

+1-1

PY |S(y|− 1), PY |S(y| + 1)



最尤復号法
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最尤復号問題

最尤復号法は、最小のブロック誤り率を与える。
最尤復号
受信ベクトル y ∈ Rnに対して

x̂ = argmin
x∈C

||y − b(x)||22

を見い出せ。
! C : LDPC符号
! b: バイナリ-バイポーラ変換関数

ただし、その正確な実行は符号長に対して、多項式時間では不可
能である (と信じられている）では、実際にはどうしているのか？
→
ビリーフプロパゲーションに基づくビット単位近似推論

残念ながら最尤復号法の正確な実行は、符号長に対して多項式時間では 
不可能（と信じられている）。



2部グラフにおける近傍ノード集合の表記
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LDPC符号の紹介

! ランダムに 2部グラフを作成
! ビットノード側には、(x1, x2, . . . , xn) ∈ {0, 1}nを割り当てる
! ひとつのチェックノードは、偶パリティ制約を表す。
! 充足解の集合 = LDPC符号 C

チェックノード

ビットノード

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10x11

x2 ⊕ x4 ⊕ x5 ⊕ x11 = 0(mod 2)

N(i)

1 2 … i

1 2 … j

M(j)

n

m



ビットフリップ型復号法
・記憶素子（フリップフロップ）の少ない復号器を目指して 
・高速・低消費電力・小さいチップサイズを目指して

ステップ１ すべての受信シンボルについて硬判定を行う
xj = sign(yj), j ∈ [1,n]

ステップ2 パリティシンボルを計算する
si = ∏

j∈N(i)

xj, j ∈ [1,m]

ステップ3 ビットフリップ処理を行う

ℓ = arg min
k∈[1,n]

Δk(x)

xℓ := − xℓ

ステップ２に戻る

反復計算

反転関数(ビット信頼度）



様々なビットフリップ型復号法
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i

N(i)

+1 -1 +1

∏
j∈N(i)

xj

バイポーラシンドローム値 ビット信頼度

j
M(j)

Δk(x) = ∑
i∈M(k)

∏
j∈N(i)

xjGallager 

WBF Δk(x) = ∑
i∈M(k)

βi ∏
j∈N(i)

xj, βi = min
j∈N(i)

|yi |

MWBF Δk(x) = α |yn | + ∑
i∈M(k)

βi ∏
j∈N(i)

xj, βi = min
j∈N(i)

|yi |



GDBF復号法の導出
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Gradient Descent Bit Flipping Algorithm ( Wadayama et al., 2010)

最尤復号=相関復号

C̃ = {b(x) | x ∈ C }: バイポーラ版 LDPC符号

x̂ = arg min
x∈C̃

||y − x||22

= arg min
x∈C̃

n∑

i=1

(yi − xi )
2

= arg min
x∈C̃

n∑

i=1

(y2i − 2xiyi + 1)

= argmax
x∈C̃

n∑

i=1

xiyi .

(Google Scholar にて、引用１２３件 ! ）



復号問題の定式化
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復号問題の定式化

目的関数

f (x)
△
=

n∑

j=1

xjyj +
m∑

i=1

∏

j∈N(i)

xj .

! 第 1項: 受信ベクトルとバイポーラ符号語との相関
! 第 2項: ペナルティ項 (xが符号語のときに最大となる）

対応する非線形最適化問題

x̃ = arg max
x∈[+1,−1]n

⎛

⎝
n∑

j=1

xjyj +
m∑

i=1

∏

j∈N(i)

xj

⎞

⎠ .



反転関数の導出
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反転関数の導出

変数 xk(k ∈ [1, n])に対応する偏導関数は
∂

∂xk
f (x) = yk +

∑

i∈M(k)

∏

j∈N(i)\k

xj .

と与えられる。
反転関数

∆
(GD)
k (x)

△
= xk

∂

∂xk
f (x)

= xkyk +
∑

i∈M(k)

∏

j∈N(i)

xj .



探索ベクトルの要素の正負と勾配ベクトル
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xの要素の正負と勾配ベクトル

1 2 3 4 j n-1 n

+1

-1

1 2 3 4 j n-1 n

Gradient vector

Search point



GDBFアルゴリズム
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Gradient Descent(GD)-BF アルゴリズム

! Find ℓ := argmink∈[1,n]∆
(GD)
k (x)

! Flip the bit: xℓ := −xℓ

上記のプロセスは、ビットフリップ型勾配法と見なすことができ
る (coordinate decent/accent algorithm).

GDBF algorithm

次の反転関数を持つシングルビット反転法を GDBFアルゴリズム
と呼ぶ 4 :

∆
(GD)
k (x)

△
= xkyk +

∑

i∈M(k)

∏

j∈N(i)

xj

4Tadashi Wadayama, Keisuke Nakamura, Masayuki Yagita, Yuuki
Funahashi, Shogo Usami, Ichi Takumi, “Gradient Descent Bit Flipping
Algorithms for Decoding LDPC Codes”, IEEE Trans. Comm., pp.1610-1614,
vol.58, no.6, June (2010)



ビット誤り率の比較
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ビット誤り率の比較



最適化プロセス中の目的関数値
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2

The function sign(·) is defined by

sign(x)
△
=

{

+1, x ≥ 0
−1, x < 0.

(2)

In a decoding process of the single BF algorithm, hard decision
decoding for a given y is first performed, and x is initialized
to the hard decision result. The minimum of the inversion
function ∆k(x) for k ∈ [1, n] is then found1. An inversion
function ∆k(x) can be seen as a measure of the invalidness
of bit assignment on xk . The bit xℓ, where ℓ gives the smallest
value of the inversion function, is then flipped.
The inversion functions of WBF [2] are defined by

∆(WBF )
k (x)

△
=

∑

i∈M(k)

βi

∏

j∈N(i)

xj . (3)

The values βi(i ∈ [1, m]) is the reliability of bipolar syn-
dromes defined by βi

△
= minj∈N(i) |yj |. In this case, the in-

version function ∆(WBF )
k (x) gives the measure of invalidness

of symbol assignment on xk, which is given by the sum of
the weighted bipolar syndromes.
The inversion functions of MWBF [3] has a similar form

of the inversion function of WBF but it contains a term
corresponding to a received symbol. The inversion function
of MWBF is given by

∆(MWBF )
k (x)

△
= α|yk| +

∑

i∈M(k)

βi

∏

j∈N(i)

xj , (4)

where the parameter α is a positive real number.

III. GRADIENT DESCENT FORMULATION
A. Objective function
It seems natural to consider that the dynamics of a BF algo-

rithm as a minimization process of a hidden objective function.
This observation leads to a gradient descent formulation of BF
algorithms.
The maximum likelihood (ML) decoding problem for the

binary AWGN channel is equivalent to the problem of finding
a (bipolar) codeword in C̃ , which gives the largest correlation
to a given received word y. Namely, the MLD rule can be
written as x̂ = argmaxx∈C̃

∑n
j=1 xiyi.

Based on this correlation decoding rule, we here define the
following objective function:

f(x)
△
=

n
∑

i=1

xjyj +
m

∑

i=1

∏

j∈N(i)

xj . (5)

The first term of the objective function corresponds to the
correlation between a bipolar codeword and the received word,
which should be maximized. The second term is the sum of the
bipolar syndromes of x. If and only if x ∈ C̃, then the second
term has its maximum value

∑m
i=1

∏

j∈N(i) xj = m. Thus,
this term can be considered as a penalty term, which forces
x to be a valid codeword. Note that this objective function
is a non-linear function and has many local maxima. These
local maxima become a major source of sub-optimality of the
GDBF algorithm presented later.
1When ∆k(x) is an integer-valued function, we need a tie-break rule to

resolve a tie.

B. Gradient descent BF algorithm
For the numerical optimization problem for a differentiable

function such as (5), the gradient descent method [8] is a
natural choice for the first attempt. The partial derivative
of f(x) with respect to the variable xk(k ∈ [1, n]) can be
immediately derived from the definition of f(x):

∂

∂xk
f(x) = yk +

∑

i∈M(k)

∏

j∈N(i)\k

xj . (6)

Let us consider the product of xk and the partial derivative
of xk in x, namely

xk
∂

∂xk
f(x) = xkyk +

∑

i∈M(k)

∏

j∈N(i)

xj . (7)

For a small real number s, we have the first-order approxima-
tion:

f(x1, . . . , xk + s, . . . , xn) ≃ f(x) + s
∂

∂xk
f(x). (8)

When ∂
∂xk

f(x) > 0, we need to choose s > 0 in order to
have

f(x1, . . . , xk + s, . . . , xn) > f(x). (9)

On the other hand, if ∂
∂xk

f(x) < 0 holds, we should choose
s < 0 to obtain the inequality (9). Therefore, if xk

∂
∂xk

f(x) <
0, then flipping the kth symbol (xk := −xk) may increase the
objective function value2.
One reasonable way to find a flipping position is to choose

the position at which the absolute value of the partial derivative
is largest. This flipping rule is closely related to the steepest
descent algorithm based on ℓ1-norm (also known as the coor-
dinate descent algorithm) [8]. According to this observation,
we have the following rule to choose the flipping position.
Definition 1 (Inversion function of the GDBF algorithm):

The single BF algorithm based on the inversion function

∆(GD)
k (x)

△
= xkyk +

∑

i∈M(k)

∏

j∈N(i)

xj (10)

is called the Gradient descent BF (GDBF) algorithm.
Thus, the decoding process of the GDBF algorithm can be seen
as the minimization process of −f(x) (it can be considered as
the energy of the system) based bit-flipping gradient descent
method.
It is interesting to see that the combination of the objective

function f̃(x) defined by

f̃(x)
△
= α

n
∑

i=1

xj |yj| +
m

∑

i=1

βi

∏

j∈N(i)

xj (11)

and the argument on gradient descent presented above gives
the inversion functions of conventional algorithms such as the
WBF algorithm (3) and the MWBF algorithm (4). However,
this objective function (11) looks less meaningful compared
with the objective function (5). In other words, the inversion
function∆(GD)

k (x) defined in (10) has a more natural interpre-
tation than those of the conventional algorithms: ∆(WBF )

k (x)

2 There is a possibility that the objective function value may decrease
because the step size is fixed (such as single flip).

4

function value can be seen. Due to the constraint such that
a search point x must lie in {+1,−1}, a GDBF process
cannot find a true local maximum point (the point where the
gradient of the objective function becomes a zero vector) of the
objective function. Thus, a search point moves around the local
maximum point. This move causes the oscillation behavior
observed in a single GDBF process. The curve corresponding
to the multi GDBF algorithm shows much faster convergence
compared with the single GDBF algorithm. It takes only 15
iterations for the search point to come very close to the local
maximum point.
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Fig. 2. Objective function values in GDBF processes as a function of the
number of iterations

Figure 3 presents the bit error curves of single and multi
GDBF algorithms (Lmax = 100, θ = −0.6). As references,
the curves for the WBF algorithm (Lmax = 100), the MWBF
algorithms (Lmax = 100, α = 0.2), and the normalized min-
sum algorithm (Lmax = 5, scale factor 0.8) are included
as well. The parameter Lmax denotes the maximum number
of iterations for each algorithm. We can see that the GDBF
algorithms perform much better than the WBF and MWBF
algorithms. For example, at BER = 10−6, the multi GDBF
algorithm offers a gain of approximately 1.6 dB compared
with the MWBF algorithm. Compared with the single GDBF
algorithm, the multi GDBF algorithm has a steeper slope in its
error curve. Unfortunately, there is still a large performance
gap between the error curves of the normalized min-sum
algorithm and the GDBF algorithms. The GDBF algorithm
fails to decode when a search point is attracted to an unde-
sirable local maximum of the objective function. This large
performance gap suggests the existence of some local maxima
relatively close to a bipolar codeword, which degrades the
BER performance.
Figure 4 shows error curves for an irregular LDPC code.

The code used in the simulation is an irregular code (called
PEGirReg504x1008 in [9]) constructed based on PEG con-
struction. The same decoding algorithms (with same param-
eter) appeared in Fig.3 have been tested. As well as the
regular case, the error curves of GD-BF algorithms come
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Fig. 3. Bit error rate of GDBF algorithms: regular LDPC code
(PEGReg504x1008[9])

bellow those of WBF and MWBF algorithms. However, the
improvement is relatively small compared with the regular
case. This observation may imply that the advantage of GD-BF
algorithm in BER depends on type of the code.
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In order to evaluate the convergence speed of BF algorithms,
the average number of iterations is an appropriate measure.
Figure 5 shows the average number of iterations (as a function
of SNR) of the GDBF algorithms (single and multi), the WBF
algorithm, and the MWBF algorithms. Note that the multi
GDBF algorithm certainly have a fast convergence property.
Large gaps can be observed between the curve of the multi
GDBF algorithm and the other curves.

V. ESCAPE FROM A LOCAL MAXIMUM

A. Effect of non-codeword local maxima
As we have discussed, a decoding failure occurs when a

search point is captured by a local maximum, which is not a
transmitted codeword. Thus, it is desirable to know the effect

ビットフリップ型復号アルゴ
リズムに最適化の視点が初め
て持ち込まれた！ 



停留点からの脱出
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局所解からの脱出

Codeword

Trapped 

search point

Downhill 

move

目的関数は非凸関数→多数の停留点（鞍点・局所最大点） 

Wadayama et. al (2010)では、停留点脱出のためにマルチビットフリップ
を利用 



Noisy GDBF アルゴリズム
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Noisy GDBFアルゴリズムの反転関数

Noisy GDBF反転関数 (Sundararajan at el. (2014))

∆
(Noisy)
k (x)

△
= xkyk + α

∑

i∈M(k)

∏

j∈N(i)

xj + qi

! α: 定数
! qi : ガウス乱数項

BPによる復号性能にかなり近い値を達成しており、現時点での
BF型アルゴリズムにおけるベストパフォーマンスを出している。



停留点からの脱出

3.7. SMNGDBF復号法のスムージング 19

必ずしも目的関数の値が増加するようにビット反転を行わうわけではない．ビット反
転のランダム性により，NGDBF復号法は目的関数の値が小さくなるようにビット反
転を行う場合もあり，局所解に陥った際にも局所解から脱出できる可能性が高い．
目的関数が局所解に陥った際の，GDBF復号法とNGDBF復号法のそれぞれの目的
関数の値の動きを図 3.3に示す．図 3.3の縦軸は目的関数の値，横軸は推定語の組み合
わせをモデル化したものである．

図 3.3: GDBF復号法とNGDBF復号法の局所解

図3.3では，GDBF復号法は局所解に陥ってしまい復号失敗しているのに対し，NGDBF

は局所解から脱出し，推定語が解である符号語に収束でき復号成功となっている．図
3.3のように，NGDBF復号法は局所解から脱出できる可能性が高く，符号語に収束し
やすいため，優れた復号性能を示す．

3.7 SMNGDBF復号法のスムージング
SMNGDBF復号法では，スムージングという手法が用いられている．スムージング
が用いられるのは，アルゴリズムが最大反復回数に達しても，推定語が符号語に収束
しない場合である．SMNGDBF復号法では，推定語が符号語に収束しなかった際にス
ムージングを用いることで誤ったビットの数を減らし，復号性能を向上させている．ス
ムージングの操作は，SMNGDBF復号法のアルゴリズム中の以下の操作である．

推定ビットの足しあわせ 推定ビットごとに，各反復での値をXj = Σlmax
l=1 xj,lと足し合

わせる．

スムージング 各推定ビットを xj = sign(Xj)とスムージングする．



Noisy GDBF のBER性能
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表 3.1: 計算機実験に用いた各復号法のパラメータ
復号法 θ0 λ α η lmax

BF復号法 2 なし なし なし 100

WBF復号法 なし なし なし なし 100

MWBF復号法 なし なし 0.33 なし 100

GDBF復号法 −0.6 なし なし なし 100

ATBF復号法 −9.0 0.25 なし なし 100

SNGDBF復号法 なし なし 0.9 0.95 100

MNGDBF復号法 −0.9 表 3.2 0.9 0.95 100

SMNGDBF復号法 −0.9 0.99 0.9 0.95 300

表 3.2: 計算機実験に用いたMNGDBF復号法の閾値更新パラメータ
SNR SNR < 3.5 SNR = 3.5or3.75 SNR = 4.0 SNR = 4.25 or 4.5

λ 0.99 0.97 0.94 0.90
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図 3.6: BF復号法と各改良法のビット誤り率の比較 (符号は符号長 1008，符号化率 1/2

の正則 LDPC符号)



GDBF系アルゴリズムまとめ
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実装時の回路規模・スループットなどの点で,最近広く興味
を持たれている（光通信系・フラッシュメモリなど記録系） 

BP(min-sum)にかなり近いパフォーマンス 

数多くの変種（タブーリスト保持、適応的しきい値。。。） 

停留点からの脱出が性能向上のためのキーポイント：勾配ベ
クトルへの雑音付加が有効 

いくつかのハイパーパラメータを含む→深層展開による調整
が可能？？



ここで話がかわります
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深層学習を無線物理層アルゴリズム、信号処理ア
ルゴリズムに利用する動き 

本グループでも２０１６年から取り組んでいます
（Alpha Goのニュースがきっかけ） 

以降はその関連のお話をします(特に無線分野の文
脈で )。



無線物理層におけるDL+Comの動き
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ICC2018, Globecom2018, ICC2019 におけ
る機械学習関連のセッションとワークショップの
盛り上がり 

各論文誌の特集号(IEEE Access など） 

IEEE ComSoc
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ComSoc Technology News (CTN)
Nine Communications Technology Trends for 
2019

1.Machine Learning. If You Are Not Doing It, People Will Still Shun You 
at Parties and Now Your Children Will Laugh at You Too.
Moving up to the number one spot for this year. Well it is actually happening now, especially in some 
network planning functions and radio resource management. Everyone is now trying to use it all the 
way down to the physical layer. Now that there is some real use, we expect this year will be when it turns 
and starts rolling back down the hype curve, such is human nature (in fact we expect AI to become 
disappointed in itself sometime this year and need some counselling). But in the meantime the activity in 
ML will continue to rise in comms, and the CTN EB will certainly milk it for a few articles. Implementation in 
the edge of the network might be a big topic for this year. Federated Learning, you heard it here first. 
Unless of course you already heard it somewhere else…



機械学習技術を利用した無線通信技術
無線通信技術 + 機械学習(ML)を組み合わせた研究 
が急増中→なぜ？
深層学習(ディープラーニング）の登場 

mmWave massive MIMO, ブラインド通信路推定, 誤り訂正, 
端末位置推定, ビームフォーミング，NOMA(過負荷検出)，干渉制御

深層学習は、画像認識・音声認識・自然言語処理などの分野ですでに基盤技術 
となっている。他分野への応用が広がり始めている 
→深層学習技術の持つ普遍性 

より高度な信号処理への要求 (5G/6Gに向けて) 

AI/MLが主たる無線通信通信のタスクになるのでは？ 
（分散学習のためのインフラ）また、高度無線ネットワークをAI/MLが支える

近未来におけるAI/MLと無線との融合 



機械学習を利用した無線物理層技術の分類
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タイプ アイデア

ブラックボックスモデル
通信路全体・検出アルゴリズム・復号アルゴリズム 
を深層ニューラルネットワークを利用して表現。デー
タ駆動型設計。事前知識・過去の知見必要なし。

深層展開 既知の反復型型アルゴリズムに学習可能パラメータを
埋め込み深層学習技術を利用してパラメータを学習。

最適化模擬 凸最適化・非凸最適化アルゴリズムのニューラルネッ
トワークによる模擬。

分散学習 各端末における学習とその学習結果の統合

強化学習 報酬に基づく最適戦略の決定、マルコフ決定プロセ
ス。



シャノンの通信路モデル
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情報源 受けて送信器 受信器

雑音源

C.E. Shannon: ``A mathematical theory of communications,’’ 1948

PY|X(y |x)

X Y

仮定：通信路の統計的性質が既知



通信路の統計的性質が未知な場合

?????

X Y

パラメトリック
モデル

{(x1, y1), (x2, y2), …, (xK, yK)}データセット

X ∈ {+1, − 1}, Y ∈ ℝ

yi ∼ PY|X(y |x)

X̂fΘ

情報源 送信器 受けて

雑音源

通信路の性質が未知



学習問題（通信路)＋信号検出問題
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通信路に関する事前知識を仮定しない 

通信路の時間的変動に柔軟に適応 

機械学習でいうところの``2クラス分類問題’’ 

従前の``等化器トレーニング’’ととても似ている 



深層ニューラルネットワークモデル

W1h1 + b1

g g g

線形層 
非線形活性化 
関数

Y

fΘ : ℝn → ℝm

W h += b
バイアス係数行列

h′�

ReLU(x) := max{0,x}

X̂

-2 -1 1 2

0.5

1.0

1.5

2.0

Θ = {W1, b1, W2, b2, …}



W h += bh′ �

人工ニューラル素子 (ふたたび)
人工ニューロン素子は次の構造を持つ:

y = f

(
n∑

i=1

wixi + b

)
(4)

関数 f は活性化関数であり、さまざまな種類の関数が利用されて
いる:

アフィン変換

活性化関数



深層ネットワークの学習(訓練）

Θ = {W1, b1, W2, b2, …} ̂y = fΘ(x)

損失関数

x
loss(y, ̂y)

y

訓練・学習過程では，損失関数値を最小化するように 
パラメータを変更する

{(x1, y1), (x2, y2), …, (xK, yK)}



深層学習 = 最小二乗法の親玉？

パラメータ付き関数 f (x|w) の選択 (1)

多項式モデル
x ∈ R

f (x |w) = w0 + w1x + w2x
2 + · · ·+ wMxM

M をこの多項式モデルの次数と呼ぶ。

3次関数モデルによるフィッティング



非凸目的関数
最小化問題

複数の停留点（極値） 

勾配法では局所解にしか 
到達できない 

鞍点付近などでは，勾配法の 
収束速度が大幅にスローダウン）



確率的勾配法(SGD)

D = {(x1, y1), (x2, y2), …, (xK, yK)}訓練データ

ミニバッチ B = {(xb1, yb1), (xb2, yb2), …, (xbD, ybD)}

目的関数 GB(Θ) =
1
D

K

∑
k=1

loss(ybk − fΘ(xbk))

り、学習可能パラメータ Θの値を更新する（注4）。
Step 1 (初期点設定) Θ := Θ0

Step 2 (ミニバッチ取得) B をランダムに生成（注5）

Step 3 (勾配ベクトルの計算) g := ∇GB(Θ)

Step 4 (探索点更新) Θ := Θ− αg

Step 5 (反復) Step 2に戻る
ミニバッチ B は確率変数であるため、確率的勾配法は、目的

関数 GB(Θ)の期待値を最小化している手順と見なすことがで
きる。ニューラルネットワーク学習などの学習問題に確率的勾
配法を適用することにより汎化能力の高いパラメータが見出さ
れることが経験的に知られている [10]。確率的勾配法の振る舞
いやミニバッチサイズ・学習率と汎化誤差との関係に関して、
現在の深層学習分野において実験的・理論的研究が活発に進め
られている [16] [14]。
上で述べた確率的勾配法は最も単純なものであり、多くのバ

リエーションや関連した収束加速手法が知られている [10]。例
えば、RMSprop, Adam [17]などの手法は、広く深層学習の研
究に利用されている。
適切な確率的勾配法の選択、学習率の設定とそのスケジュー

リング、ミニバッチサイズなどは、ミニバッチ学習において最
も重要なハイパーパラメータ群であり、学習結果の良否はこれ
らの設定の良し悪しに強く影響される。良いハイパーパラメー
タ設定を見つけるためには、多少の（場合によってはかなりの）
試行錯誤的プロセスが必要となることもある。
2. 2 誤差逆伝播法
確率的勾配法の実行のためには、学習可能パラメータ Θの導

関数値 (勾配値) を計算する必要がある。誤差逆伝播法は、微
分の連鎖則を利用することにより層構造 (または疎な計算グラ
フ構造)を持つ関数に対して効率の良い導関数値の計算を実現
する。
誤差逆伝播法は、前向き計算フェーズと後ろ向き計算フェー

ズの２つ計算フェーズを持つ。前向き計算フェーズでは、深層
ニューラルネットワークにおいては入力層から順に出力層に向
かって信号ベクトル値の評価が行われる。信号流グラフにおい
ても同様であり、各層での処理を多変数入力・ベクトル値関数
φ1,φ2, . . .で表現すると y = φk(· · ·φ2(φ1(x))) として関数値を
順に計算していく。なお、後ろ向き計算フェーズのために計算
の途中結果は捨ててしまわずに残しておく必要がある。
後ろ向き計算フェーズでは、まず、損失関数値を初期値とし

て、出力端から入力端に向かって、微分の連鎖律に従い計算が
進行する。具体的な計算としては、φi に関するヤコビ行列と逆
伝播ベクトルの積の計算が順次行われる。
深層ニューラルネットワークの学習プロセスにおいては、大

量のデータを含む訓練データ集合が利用される。各層での前向
き計算では、yk = g(Wkxk + bk)という計算を行う必要がある。

（注4）：確率的勾配法はもともとミニバッチサイズが 1 の場合を想定して提案さ
れた。本稿では、ミニバッチ型の確率勾配法と陽に区別はしていない。
（注5）：実際には、全訓練データをミニバッチに分割し、そのミニバッチを順次
利用するという手段が取られることが多い。すべての訓練データを使い果たすと
(1 エポック)、改めて再度ミニバッチに分割し手続きを繰り返す。

ここで、W は係数行列であり、bk はバイアスベクトルである。
すなわち、逆誤差伝播法の実行過程においては大量の行列・ベ
クトル積 (正確にはテンソル積)の計算を行う必要があり、この
計算量が学習時間において支配的となる。
2. 3 フレームワーク
フレームワークは、深層学習の要素技術の主たるものをライ
ブラリの形でまとめたものであり、深層学習技術を利用した研
究を進める上で欠かせないプログラム開発のプラットフォーム
である。代表的なフレームワークとして、TensorFlow、Keras,

PyTorch、Chainerなどがあり、ライブラリ仕様の拡張や機能
拡充などを含めて、現在も活発な開発が継続中である。
フレームワークを利用する最も大きな利点は、フレームワー
ク利用者 (プログラム開発者) が誤差逆伝播法の後ろ向き計算
を自分で書かなくても良い点にある。すでに述べたように後ろ
向き計算フェーズにおいては、微分の連鎖律に従い、行列・ベ
クトル積の計算と非線形関数の適用を反復して計算を行うこと
になる。前向き計算と異なり後ろ向き計算は記述をミスしやす
く、その計算自体を陽にプログラムとして記述することは、プ
ログラム開発者の著しい負担となる。すべてのフレームワーク
において誤差逆伝播法の後ろ向き計算は自動化されており、フ
レームワーク利用者はその恩恵を受けることができる。
各フレームワークの内部では計算グラフが構築され、その計
算グラフに基づき、後ろ向き計算が実行される。計算グラフの
構築においては、前向き計算時に動的に計算グラフが構成さ
れる環境 (define by run; PyTorch, Chainer) と事前に計算グ
ラフを明示的にユーザ側で構築しておく環境 (define and run;

TensorFlow) がある。後者にない前者の大きな特徴は訓練デー
タに依存した計算グラフの構築が可能であることが挙げられる。
すなわち、前向き計算部 (計算グラフ構築部）において、ルー
プや条件式の利用が可能である。
すでに述べたように深層学習において、最も計算時間がかか
るのが訓練プロセス実行時 (学習時)に実行される行列・ベクト
ル積 (正確には、ひとつのミニバッチが一気に計算されるため
にテンソル積計算となる)の計算に必要とされる計算時間であ
る。特に画像認識のように扱うべきテンソルのサイズが大きい
場合には、GPUに基づく並列計算の利用が必須である。すべ
てのフレームワークは GPU 計算に対応しており、GPU プロ
グラミングに精通していない開発者も容易に GPUをフル活用
した計算を行うことができる。
深層学習関連の研究を開始する際には、まずどのフレーム
ワークを利用するかを決めなければならない。個人的な印象
としては、アルゴリズム設計・評価研究においては、現時点で
は、TensorFlow(TensorFlow上で動作するKerasも含めて)と
PyTorchの二択の状況に思える。フレームワークの利用者数の
点では、世界的に TensorFlow が圧倒的に優位に立っており、
それに伴い膨大な関連の情報をネット上で見つけることができ
る。また、最新の深層学習の論文に掲載されているアルゴリズ
ムの実装をGithubにおいて公開することが広く行われており、
TensorFlowによる実装が公開されているケースが非常に多い。
一方 PyTorchは、TensorFlowと異なる計算グラフ構成の方

— 4 —

確率的勾配法に基づく最小化
バリエーション

Momentum 
AdaDelta 
RMSprop 
Adam



誤差逆伝播法(backprop)

注：ただし途中の計算結果を残す
前向き計算フェーズ（単なる値の評価）

損失関数

loss(y, ̂y)

・パラメータの勾配ベクトルを効率良く求めることが目的 
・微分の連鎖律の利用(BCJRアルゴリズムにとても良く似ている!）

後ろ向き計算フェーズ
ヤコビ行列とベクトルの積を順次計算



汎化誤差

誤差

反復回数

訓練誤差

テスト誤差 
(汎化誤差）

過学習 
領域

訓練データに含まれない初見のデータに対して適切な出力を与えることが望ましい

最適化技術が大事 正則化技術が大事

汎化 
ギャップ



深層学習フレームワーク

class Net(nn.Module): 
    def __init__(self): 
        super(Net, self).__init__() 
        self.fc1 = nn.Linear(2, 2)   
        self.fc2 = nn.Linear(2, 2) 
    def forward(self, x): 
        x = F.sigmoid(self.fc1(x)) 
        x = F.sigmoid(self.fc2(x)) 
        return x 

model = Net()  
loss_func = nn.MSELoss() 
optimizer = optim.Adam(model.parameters(), lr=0.1) 

・PyTorchによるプログラム例

ネットワークの定義部 
順方向計算のみを記述すればよい。 
誤差逆伝播法の後ろ向き計算フェーズは 
明示的にユーザが書く必要ない

ネットワークのインスタンス化
損失関数の指定

オプティマイザの指定

イチオシは



機械学習を利用した無線物理層技術の分類
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タイプ アイデア

ブラックボックスモデル
通信路全体・検出アルゴリズム・復号アルゴリズム 
を深層ニューラルネットワークを利用して表現。デー
タ駆動型設計。事前知識・過去の知見必要なし。

深層展開 既知の反復型型アルゴリズムに学習可能パラメータを
埋め込み深層学習技術を利用してパラメータを学習。

最適化模擬 凸最適化・非凸最適化アルゴリズムのニューラルネッ
トワークによる模擬。

分散学習 各端末における学習とその学習結果の統合

強化学習 報酬に基づく最適戦略の決定、マルコフ決定プロセ
ス。



信号検出器の学習

X Y
FF-NN

X ∈ {+1, − 1}, Y ∈ ℝ

X̂fΘ

情報源 送信器 受けて

雑音源

g g g

この形の検出器の論文はいっぱい出ています。その一例： 

N.Samuel et al. ``Learning to Detect,’’  IEEE Trans. Signal 
Processing, May, 2019  



ブラックボックスモデルに基づくスパース信号再現

!45

II. SPARSE RECOVERY BY NEURAL NETWORKS

A. Binary compressed sensing

The main problem for binary compressed sensing is to
reconstruct an unknown sparse signal vector x ∈ Rn from the
observation signal vector u ∈ {+1,−1}m under the condition
that these signals satisfy the relationship:

u = sign(Ax). (1)

The sign function sign(·) is defined by

sign(a) =

{
−1 (a ≤ 0),
+1 (a > 0).

(2)

The matrix A ∈ Rm×n is called a sensing matrix. We assume
that the length of the observation signal vector u is smaller
than the length of the sparse signal vector x, i.e., m < n. This
problem setup is similar to that of the original compressed
sensing. The notable difference between them is that the
observation signal u is binarized in a sensing process of binary
compressed sensing. A receiver obtains the observation signal
u and then it tries to recover the corresponding hidden signal x.
We here make two assumptions for the signal x and the sensing
matrix A. The first assumption is sparsity of the hidden signal
x. The original binary signal x ∈ {0, 1}n contains only k non-
zero elements, where k is a positive integer much smaller than
n, i.e., Hamming weight of x should be k. We call the set of
binary vectors with Hamming weight k is k-sparse signals.
The second assumption is that the receiver completely knows
the sensing matrix A.

B. Network architecture

When we need an extremely high speed signal processing
or an energy-efficient sparse signal processing method for
battery powered sensor, it would be reasonable to develop a
sparse signal recovery algorithm suitable for the situation. In
the sparse signal recovery method based on neural networks
to be described in this section requires only several matrix-
vector products to obtain an output signal, which is an estimate
signal of the sparse vector x. Thus, the proposed method
needs smaller computational costs than those required by
conventional iterative methods.

Our sparse recovery method is based on a 3-layer feedfor-
ward neural network illustrated in Fig.??. This architecture is
fairly common one; it consists of the input, hidden and output
layers. Adjacent layers are connected by weighted edges and
each layer includes neural units that can keep real values. As
an activation function, we employed the sigmoid function to
determine the values of the hidden and output layers. In our
problem setting, the observation signal u is fed into the input
layer from the left in Fig.??. The signal propagates from left
to right and the output signal y eventually comes out from the
output layer. The network should be trained so that the output
signal y is an accurate estimation of the original sparse signal
x. The precise description of the network in Fig.?? is given
by the following equations:

h = σ(Whu+ bh), (3)
y = σ(Woh+ bo), (4)

x̂ = round(y). (5)

Input
layer

Hidden
layer

Output
layer

・
・
・

・
・
・
・
・

・
・
・

・
・
・

round

Fig. 1. Architecture of feedforward neural networks for sparse signal
recovery. An observation signal u comes from the left and is fed to the input
layer. A sparse estimation vector comes out from the output layer. The sigmoid
function is used as an activation function.

The function σ(·) is the sigmoid function defined by f(a) =
1/(1 + e−a). In this paper, we will follow a simple con-
vention that f(a) represents (f(a1), f(a2), . . . , f(an)) where
a = (a1, . . . , an). The round function round(a)(a ∈ R) gives
the nearest integer from a. The equation (??) defines the
signal transformation from the input layer to the hidden layer.
An affine transformation is firstly applied to the input signal
u ∈ {+1,−1}n and then the sigmoid function is applied. The
weight matrix Wh ∈ Rm×α and the bias vector bh ∈ Rα

defines the affine transformation. The resulting signal h ∈ Rα

is kept in the units in the hidden layer, which are called
hidden units. The parameter α thus means the number of
hidden units. From the hidden layer to the output layer, the
equation (??) governs the second signal transformation. The
second transformation to yield the signal y consists of the
affine transformation, based on the weight matrix Wo ∈ Rα×n

and the bias vector bo ∈ Rn, and the nonlinear mapping based
on the sigmoid function. The vector y ∈ Rn emitted from
the output layer is finally rounded to a nearest integer vector
because we assumed that non-zero elements in the original
sparse signal x takes the value one. Since the range of the
sigmoid function lies in the open interval (0, 1), an element in
the estimate vector x̂ should take the value zero or one.

C. Training

The network in Fig.?? can be seen as a parametrized
estimator x̂ = round(Φθ(u)) where θ is the set of the trainable
parameters θ = {Wh,Wo, bh, bo}. It is expected that the
trainable parameter θ should be adjusted in the training phase
so as to minimize the error probability Prob[x ̸= x̂]. However,
it may be computationally intractable to minimize the error
probability directly. Instated of direct minimization of the error
probability itself, we will minimize a loss function including
a cross entropy-like loss function and an L1-regularization
term. In this subsection, the details of the training process is
described.

In the training phase of the network, the parameter θ
should be updated in order to minimize the values of the given
loss function. Let D = {(u1, x1), . . . , (uL, xL)} be the set
of the training data used in the training phase. The signals
ui and xi relate as ui = sign(Axi), i = 1, 2, . . . , L. In the

Ito and Wadayama, SITA2016
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Fig. 2. Sparse signal recovery for a 6-sparse vector. (top: the original sparse
signal x, bottom: the output y = Φθ∗ (x) from the trained neural network.
n = 256,m = 120)
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Fig. 3. Learning steps and recovery rate. (n = 256,m = 140, k = 6)

the progress contains fluctuations. The recovery rate appears to
be saturated around 5.0×104 steps. In following experiments,
the number of learning steps is thus set to 5 × 104 based on
this observation.

C. Sparse recovery by integer programming

We introduce integer programming (IP)-based sparse sig-
nal recovery as a performance benchmark in the subsequent
subsections because it provides the optimal recovery rate. The
IP formulation shown here is based on the linear programming
formulation in [?]. Although IP-based sparse signal recovery
requires huge computer resources, it is applicable to moderate
size problems if we employ a recent advanced IP solver. We
used IBM CPLEX Optimizer for solving the IP problem shown
below. The problem needed to solve is to find a feasible binary
vector z = (z1, . . . , zn) ∈ {0, 1}n satisfying the following
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Fig. 4. Recovery rates of the proposed scheme (denoted by NN). (n =
256, k = 4, 6) As benchmarks, recovery rates of IP-based scheme is also
included (denoted by IP).

conditions:
n∑

i=1

zi = k, (7)

∀i ∈ [1,m],
n∑

j=1

Ai,jzj > 0, if ui = +1, (8)

∀i ∈ [1,m],
n∑

j=1

Ai,jzj ≤ 0, if ui = −1, (9)

where Ai,j is the (i, j) element of the sensing matrix A
and ui is the i-th element of the observation signal u. If a
feasible solution z∗ satisfying all the above conditions exists,
it becomes an estimate x̂ = z∗. It is clear that these conditions
are consistent with our setting of binary compressed sensing.

D. Experimental results

Fig.?? presents the recovery rates of the proposed scheme
under the condition where n = 256, k = 4, 6. The neural
network shown in Fig.?? was used. In Fig.??, it is seen that
the recovery rate tend to increase as m increases for all k. The
recovery rate is beyond 90% at m = 140 when the original
signal is 4-sparse. It can be also observed that the recovery rate
strongly depends on the sparseness parameter k. For example,
the recovery rate of k = 6 comes around 70% at m = 140.
The IP-based sparse recovery provides the recovery rate 99%
at m ≥ 60 when the original signal is 6-sparse vector. On
the other hand, our neural network yields the recovery rate
more than 90% at m ≥ 240 when the original signal is 6-
sparse. Although computation costs of the neural network in
the recovery phase are much smaller than those required for
IP-based sparse recovery, the performance gap appears rather
huge and the neural-based reconstruction should be further
improved.

IV. MAJORITY VOTING NEURAL NETWORKS

In the previous section, we saw that neural-based sparse
signal recovery is successful under some parameter setting

ブラックボックスモデル 
どうも大きなシステムにうまくスケールしない→深層展開へ方向転換
arXiv:1610.09463



機械学習を利用した無線物理層技術の分類
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タイプ アイデア

ブラックボックスモデル
通信路全体・検出アルゴリズム・復号アルゴリズム 
を深層ニューラルネットワークを利用して表現。デー
タ駆動型設計。事前知識・過去の知見必要なし。

深層展開 既知の反復型型アルゴリズムに学習可能パラメータを
埋め込み深層学習技術を利用してパラメータを学習。

最適化模擬 凸最適化・非凸最適化アルゴリズムのニューラルネッ
トワークによる模擬。

分散学習 各端末における学習とその学習結果の統合

強化学習 報酬に基づく最適戦略の決定、マルコフ決定プロセ
ス。



可微分プログラミング

!47

LeCunは，入出力を伴う処理(NNとは限らない） 
に対して，深層学習技術が適用可能であることを 
示唆している

処理全体が微分可能であれば，内部に含まれる 
パラメータをbackprop+SGDで最適化できる 
→可微分プログラミング 
(differentiable programming )

… important point is that people are now building a new 
kind of software by assembling networks of parameterized 
functional blocks and by training them from examples 
using some form of gradient-based optimization…



深層展開による反復アルゴリズムの改善

•ビリーフプロパゲーション 
•ガウス・ザイデル法 
•共役勾配法 
•反復収縮法(ISTA) 
•AMP 
•ADMM 
…

プロセスA

プロセスB

プロセスC

入力

出力



信号フローを時間方向に展開

プロ
セス
A

プロ
セス 
B

プロ
セス
C

プロ
セス
A

プロ
セス 
B

プロ
セス
C

各プロセスが微分可能であり，かつ，その導関数が 
ほぼ至るところでゼロでなければ，backprop可能



深層展開(Deep unfolding)
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Process A

Process B

Process C

A B C A B C

Trainable parameters 

既知の反復型型アルゴリズムに学習可能パラメータを 
埋め込み深層学習技術を利用してパラメータを学習

A recent survey: A. Balatsoukas-Stimming and C. Studer,  arXiv:
1906.05774, 2019. 



射影勾配法に基づくLDPC復号法
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LP復号法(最適化ベース復号法）をもとにして 

射影勾配法＋深層展開 

ペナルティ関数法も併用・符号制約ペナルティ 

非線形目的関数 

BP性能を越すことが目標 
Wadayama, Takabe, 

Deep Learning-Aided  Trainable Projected Gradient Decoding for LDPC Codes 

ISIT2019



単一パリティ検査符号の凸包

!52000

101

011

110

単一パリティ検査符号 (n=3) 
C = {000, 110, 101, 011}

例: 偶重み符号 (n = 3)

C = {000, 011, 110, 101}

conv(C (H))を与える不等式制約は次の通り:

x + (1− y) + (1− z) ≤ 2

y + (1− x) + (1− z) ≤ 2

z + (1− x) + (1− y) ≤ 2

x + y + z ≤ 2



基本多面体
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基本多面体の考え方
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..........

1st check node 2nd check node m-th check node

xi

xj

xk

x1 x2 xi xj xk xn

.......... .......... ........



線形計画 (LP) 復号法　

Ai := {j ∈ [n] ∣ hi,j = 1}
C(H) := {x ∈ 𝔽n

2 ∣ HxT = 0}

Oi := {S ⊂ Ai ∣ |S |  is odd}

𝒬(H) := {x ∈ ℝn ∣ x satisfies the parity constraint}

∀i ∈ [m], ∀S ∈ Oi, 1 + ∑
t∈S

(xt − 1) − ∑
t∈Ai\S

xt ≤ 0

minimizex∈ℝn λxT subjectto x ∈ 𝒬(H)

Feldman 2003

基本多面体

線形計画復号法

… ２元LDPC符号
… i-th インデックス集合
… 奇数サイズ部分集合

H ∈ 𝔽m×n
2

… 検査行列



ペナルティ関数

基本多面体に対応するペナルティ関数

minimizex∈{0,1}n λxT + βP(x)

P(x) = 0 if x ∈ 𝒬(H)
P(x) > 0 otherwise

P(x) :=
1
2 ∑

i∈[m]
∑
S∈Oi

ν 1 + ∑
t∈S

(xt − 1) − ∑
t∈Ai\S

xt

2

ν(x) := max{0,x}
ReLU 関数

𝒬(H)
< 0> 0



ペナルティ関数の勾配ベクトル

∂
∂xk

P(x) = ∑
i∈[m]

∑
S∈Oi

ν 1 + ∑
t∈S

(xt − 1) − ∑
t∈Ai\S

xt (𝕀[k ∈ S] − 𝕀[k ∈ Ai\S])

∇P(x) = ν(1 + (x − 1)Q − xR)DT

ペナルティ関数の偏微分

ペナルティ項の勾配ベクトル

L :=
m

∑
i=1

2|Ai|−1

Q, R, D ∈ {0,1}n×L



学習可能-射影勾配法

勾配ステップ

ソフト射影ステップ
Step 4 (projection step) Execute the projection step:

st+1 := ξ (α (rt − 0.5)) . (8)

Step 5 (parity check) Evaluate a tentative estimate ĉ :=
θ(st+1) where the function θ is the thresholding
function defined by

θ(x) :=

{
0, x < 0.5,
1, x ≥ 0.5.

(9)

If H ĉ = 0 holds, then output ĉ and exit.
Step 6 (end of inner loop) If t < tmax holds, then t := t+1

and go to Step 3.
Step 7 (end of outer loop) If r < rmax holds, then r := r+1

and go to Step 2; Otherwise, output ĉ and quit the
process.

The trainable parameters {γt}tmax
t=1 control the step size in

the gradient descent step and {βt}tmax
t=1 defines relative strength

of the penalty term. The trainable parameter α controls the
softness of the soft-projection. These parameters are adjusted
in a training process described later. In the gradient step, we
use the received word y instead of the log likelihood ratio
vector λ since λi ∝ yi for i ∈ [n] under the assumption of the
AWGN channel. The proportional constant can be considered
to be involved in the step size parameter γt. The parity check
in Step 5 helps early termination that may reduce the expected
number of decoding iterations.

The TPG decoding is a double loop algorithm. The inner
loop (starting from Step 2 and ending at Step 6) is a projected
gradient descent process such that a search point gradually
approaches to a candidate codeword as the number of iterations
grows. The outer loop (starting from Step 1 and ending at Step
7) is for executing multiple search processes with different
initial point. The technique is called restarting. The initial
search point of TPG decoding s1 is randomly chosen in Step
2. In non-convex optimization, restarting with a random initial
point is a basic technique to find a better sub-optimal solution.

The most time consuming operation in the TPG decoding
is the gradient step (7). We here discuss the computational
complexity of the gradient step. In order to simplify the
argument, we assume an (ℓ, r)-regular LDPC code where ℓ
and r stands for the column weight and the row weight,
respectively. In the following time complexity analysis, we will
focus on the number of multiplications because it dominates
the time complexity of the algorithm. Since the number of non-
zero elements in Q and R is m2r−1, the number of required
multiplications over real numbers for evaluating (st−1)Q and
stR is m2r−1. On the other hand, the multiplication regarding
DT needs m2r multiplications because the number of non-
zero elements in Q−R is m2r. In summary, the computation
complexity of the TPG decoding is O(m2r) per iteration.

E. Training Process
As we saw in the previous subsection, TPG decoding

contains several adjustable parameters. It is crucial to train
and optimize these parameters appropriately for achieving
reasonable decoding performance.

Let the set of trainable parameters be Θt :=
{α, {βt}tt=1, {γt}tt=1}(t ∈ [tmax]). Based on a random initial
point s1 and Θt, we define the function gts1

: Rn → Rn

by gts1
(y) := st+1(t ∈ [tmax]) where st+1 is given by the

recursion:

rt := st − γi
(
y + βtν(1 + (st − 1)Q− stR)DT

)
(10)

st+1 := ξ (α (rt − 0.5)) . (11)

In other words, gts1
(y) represents the search point of a

projected gradient descent process after t iterations. In the
training process of Θt, we use mini-batch based training with
a SGD-type parameter update.

Suppose that a mini-batch consists of K-triples: B :=
{(c1,y1, s1,1), (c2,y2, s1,2), . . . , (cK ,yK , s1,K)} which is a
randomly generated data set according to the channel model.
The vector ck ∈ C(H)(k ∈ [K]) is a randomly chosen
codeword and yk = (1 − 2ck) + wk is a corresponding
received word where wk is a Gaussian noise vector. The vector
s1,k ∈ Rn(k ∈ [K]) is chosen from the n-dimensional unit
cube uniformly at random, where these vectors are used as the
random initial values.

We exploit a simple squared loss function given by
ht(Θt) :=

1
K

∑K
k=1 ||ck − gts1,k

(yk)||22 for a mini-batch B. A
back propagation process evaluates the gradient ∇ht(Θt) and
it is used for updating the set of parameters as Θt := Θt+∆Θt

where ∆Θt is determined by a SGD type algorithm such as
AdaDelta, RMSprop, or Adam. Note that a mini-batch of size
K is randomly renewed for each parameter update.

In order to achieve better decoding performance and sta-
ble training processes, we exploit incremental training such
that h1(Θ1), h2(Θ2), . . . , htmax(Θtmax) are sequentially mini-
mized [3]. The details of the incremental training is as follows.
At first, Θ1 is trained by minimizing h1(Θ1). After finishing
the training of Θ1, the values of trainable parameters in Θ1

are copied to the corresponding parameters in Θ2. In other
words, the results of the training for Θ1 are taken over to Θ2 as
the initial values. Then, Θ2 is trained by minimizing h2(Θ2).
Such processes continue from Θ1 to Θtmax . The number of
iterations for training Θi, which is referred to as a generation,
is fixed to J for all i ∈ [tmax].

In this work, the training process was implemented by
PyTorch [5].

IV. EXPERIMENTAL RESULTS

The decoding performances of TPG decoding for the rate
1/2 (3,6)-regular LDPC code with n = 204 are shown in
Fig. 1. Figure 1 includes the BER curves of TPG decoding
with rmax = 1, 10, 100. As the baseline performance, the
BER curve of the belief propagation (BP) decoding where
the maximum number of iterations is set to 100. The BER
performance of TPG decoding (rmax = 1) is inferior to that
of BP. On the other hand, we can observe that restarting sig-
nificantly improves the decoding performance of the proposed
algorithm. In the case of rmax = 10, the proposed algorithm
shows around 0.2 dB gain over the BP at BER= 10−5 In the
case of rmax = 100, the proposed algorithm outperforms the

of the objective function. The projection step moves the search
point into a feasible region. The two steps are alternatively
performed

In the gradient step, a search point is updated in a gradient
descent manner, i.e., rt := st − γt∇fβt(st), where ∇fβt(x)
is the gradient of fβt(x). The index t represents the iteration
index. A scalar γt ∈ R is the step size parameter. If the step
size parameter is appropriate, a search point moves to a new
point having a smaller value of the objective function. The
parameter βt ∈ R is an iteration-dependent penalty coefficient.

The projection step is given by st+1 := ξ (α (rt − 0.5)) ,
where ξ is the sigmoid function defined by ξ(x) :=
1/(1 + exp(−x)). The parameter α controls the softness of
the projection. Precisely speaking, the function ξ is not the
projection to the binary symbols {0, 1}. The projection step
exploits soft-projection based on the shifted sigmoid function
because the true projection to discrete values results in insuf-
ficient convergence behavior in a minimization process.

The main process of the proposed decoding algorithm
described later is the iterative process executing the gradient
step and the projection step.

B. Penalty function and objective function

The penalty function corresponding to the parity constraints
is defined by

P (x) :=
1

2

∑

i∈[m]

∑

S∈Oi

⎡

⎣ν

⎛

⎝1 +
∑

t∈S

(xt − 1)−
∑

t∈Ai\S

xt

⎞

⎠

⎤

⎦
2

(5)
where the function ν is the ReLU function defined by
ν(x) := max{0, x}. This penalty function is a standard
penalty function corresponding to the parity polytope Q(H)
based on the quadratic penalty. From this definition of the
penalty function P (x), we immediately have P (x) = 0 if
x ∈ Q(H) and P (x) > 0 if x /∈ Q(H).

In the proposed decoding algorithm to be described later,
the gradient of the penalty function is needed. The partial
derivative of P (x) with respect to the variable xk (k ∈ [n])
is given by

∂

∂xk
P (x) =

∑

i∈[m]

∑

S∈Oi

ν

⎛

⎝1 +
∑

t∈S

(xt − 1)−
∑

t∈Ai\S

xt

⎞

⎠

× (I[k ∈ S]− I[k ∈ Ai\S]) . (6)

As described before, the objective function to be minimized
in a decoding process is given by fβ(x) = λxT + βP (x).
The first term of the objective function prefer a point close to
the received word. On the other hand, the second term prefer
a point in the parity polytope. The partial derivative of the
objective function with respect to the variable xk is thus given
by ∂

∂xk
fβ(x) = λk + β ∂

∂xk
P (x).

C. Concise representation of gradient vector

For the following argument, it is useful to introduce a
concise representation of the gradient vector

For the odd size family Oi(i ∈ [m]), we prepare a bijection
φi : Oi → [2|Ai|−1]. Let L :=

∑m
i=1 2

|Ai|−1, which indicates
the total number of parity constraints required to define Q(H).
The function ℓ(i, S)(i ∈ [m], S ⊂ Oi) defined by ℓ(i, S) :=
φi(S)+

∑i−1
k=1 2

|Ak|−1 is a bijection from the set {(i, S) : i ∈
[m], S ⊂ Oi} to [L].

The following matrices Q and R play a key role to derive
a concise representation of the gradient vector. The matrix
Q ∈ {0, 1}n×L satisfies

Qi,j =

{
1, if i ∈ S and j = ℓ(i, S)
0, otherwise

for any i ∈ [m] and for any S ⊂ Oi. In a similar way, the
matrix R ∈ {0, 1}n×L satisfies

Ri,j =

{
1, if i ∈ Ai\S and j = ℓ(i, S)
0, otherwise

for any i ∈ [m] and for any S ⊂ Oi.
We can see that the column order of Q and R depends on

the choice of the bijections {φi}i∈[m], i.e., a different choice
of {φi}i∈[m] yields a column permuted version of Q and R.
However, in the following argument, the column order does
not cause any influence for gradient computation. We thus can
choose any set of bijections {φi}i∈[m].

We are now ready to derive a concise expression of the
gradient. By rewriting (6) with the matrices Q and R, we
have ∇P (x) = ν(1 + (x − 1)Q − xR)DT , where D :=
Q−R. By using this expression, the gradient vector ∇fβ(x)
can be concisely rewritten by ∇fβ(x) = λ + βν(1 + (x −
1)Q − xR)DT . From this expression, the evaluation of the
gradient vector is based on the evaluation of the matrix-vector
products with sparse matrices Q,R, and D. The computational
complexity of the gradient vector is to be discussed in the next
subsection.

D. Trainable Projected Gradient Decoding

The following decoding algorithm is based on the projected
gradient descent algorithm described in the previous subsec-
tions.
Trainable Projected Gradient (TPG) Decoding

• Input: received word y ∈ Rn

• Output: estimated word ĉ ∈ C(H)
• Parameters: tmax: maximum number of the projected

gradient descent iterations (inner loop), rmax: maximum
number of restarting (outer loop)

Step 1 (initialization for restarting) The restarting counter is
initialized to r := 1.

Step 2 (random initialization) The initial vector s1 ∈ Rn

is randomly initialized, i.e., each elements in s1 is
chosen uniformly at random in {x ∈ R | 0 ≤ x ≤ 1}.
The iteration index is initialized to t := 1.

Step 3 (gradient step) Execute the gradient descent step:

rt := st − γt
(
y + βtν(1 + (st − 1)Q− stR)DT

)
.

(7)
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where � := (�1,�2, . . . ,�n). Since the objective function
and all the constraints are linear, this problem is an LP
problem. The fundamental polytope includes vertices that are
not contained in C(H). This means that LP decoding may
produce a non-integral (or factional) solution. It is known
that, if we have an integral solution, it coincides with the ML
estimate. This property is called the ML certificate property
of LP decoding.

III. TRAINABLE PROJECTED GRADIENT DECODING

This section describes the proposed decoding algorithm in
detail. Firstly, a basic idea is briefly explained. The following
subsections are devoted to describe the details of the proposed
algorithm.

A. Overview

We start from an unconstrained optimization problem
closely related to the LP decoding [8]:

minimize
x2{0,1}n

�x

T
+ �P (x), (13)

where P (x) is a penalty function satisfying P (x) = 0 if x 2
Q(H); otherwise P (x) > 0. The scalar parameter � called the
penalty coefficient that adjusts the strength of the penalty term.
From the ML certificate property, it is clear the solution of
(13) coincides with the ML estimate if � is sufficiently large.
Although the optimization problem in (13) is a non-convex
problem, it can be a start point of an numerical optimization
algorithm for solving (5).

Let
f�(x) := �x

T
+ �P (x), (14)

which is our objective function to be minimized. We here use
the projected gradient descent algorithm for solving (13) in an
approximate manner. The projected gradient descent algorithm
consists two steps, the gradient step and the projection step.
The gradient descent step moves the search point along the
negative gradient vector of the objective function. The projec-
tion step moves the search point into a feasible region. The
two steps are alternatively performed

In the gradient step, a search point is updated in a gradient
descent manner, i.e.,

rt := st � �trf�
t

(st), (15)

where rf�
t

(x) is the gradient of f�
t

(x). The index t rep-
resents the iteration index. A scalar �t 2 R is the step size
parameter. If the step size parameter is appropriate, a search
point moves to a new point having a smaller value of the
objective function. The parameter �t 2 R is an iteration-
dependent penalty coefficient.

The projection step is given by

st+1 := ⇠ (↵ (rt � 0.5)) , (16)

where ⇠ is the sigmoid function defined by

⇠(x) := 1/(1 + exp(�x)). (17)

The parameter ↵ controls the softness of the projection.
Precisely speaking, the function ⇠ is not the projection to
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Fig. 1. Plots of the shifted sigmoid function y = ⇠(↵(x � 0.5)) for ↵ =
1.0, 2.0, 4.0, 8.0. As ↵ gets large, the shape of the shifted sigmoid function
gradually approaches to the binary projection function.

the binary symbols {0, 1}. The projection step exploits soft-
projection based on the shifted sigmoid function (See Fig.
1) because the true projection to discrete values results in
insufficient convergence behavior in a minimization process.

The main process of the proposed decoding algorithm
described later is the iterative process executing the gradient
step and the projection step.

B. Penalty function and objective function

The penalty function corresponding to the parity constraints
is defined by

P (x) :=
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(18)
where the function ⌫ is the ReLU function defined by
⌫(x) := max{0, x}. This penalty function is a standard
penalty function corresponding to the parity polytope Q(H)

based on the quadratic penalty. From this definition of the
penalty function P (x), we immediately have P (x) = 0 if
x 2 Q(H) and P (x) > 0 if x /2 Q(H).

In the proposed decoding algorithm to be described later,
the gradient of the penalty function is needed. The partial
derivative of P (x) with respect to the variable xk (k 2 [n])
is given by

@

@xk
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⇥ (I[k 2 S]� I[k 2 Ai\S]) . (19)

As described before, the objective function to be minimized
in a decoding process is given by

f�(x) = �x

T
+ �P (x). (20)
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Fig. 2. Signal-flow diagram of TPG decoding and training process of a TPG
decoder

are copied to the corresponding parameters in ⇥2. In other
words, the results of the training for ⇥1 are taken over to ⇥2 as
the initial values. Then, ⇥2 is trained by minimizing h2

(⇥2).
Such processes continue from ⇥1 to ⇥t

max

. The number of
iterations for training ⇥i, which is referred to as a generation,
is fixed to J for all i 2 [tmax].

In this work, the training process was implemented by
PyTorch [6].

IV. EXPERIMENTAL RESULTS

In this section, we will show several experimental results
indicating the behavior and the decoding performance of the
TPG decoding.

A. Behavior of TPG decoding

We trained a TPG decoder with a (3, 6)-regular LDPC code
of n = 204,m = 102. Several hyper parameters assumed in
the training process are as follows: The maximum number
of iterations is set to tmax = 25. The number of parameter
updates for a generation is J = 500 and the mini-batch size
is set to K = 50. We employed Adam optimizer [5] with
learning rate 0.005 for the parameter updates. In a training
process, the SNR of channel is fixed to SNR = 4.0 dB.

Figure 3 indicates the result of the training, i.e., trained
parameters {�t}25t=1 and {�t}25t=1. At the first iteration, the step
size parameter �t takes the value around 1.2 and the value
gradually decreases to the values around 0.2. On the other
hand, the penalty term constant �i starts from the small value
around 1 and increases to the values around 5.5 at the 9-th
round. The softness parameter is a shared trainable variable
for all the rounds takes the value ↵ = 8.05.

In a decoding process of TPG decoding, we expect that
the search point approaches to the transmitted codeword. In
order to observe the behavior of a TPG process based on the
recursive formula (33) (34), we show the trajectories of the
normalized squared error in Fig. 4. The normalized squared
error is defined by (1/n)||st�c

⇤||22 where c

⇤ is the transmitted
codeword. Figure 4 includes the trajectories of 10 trials with
random initial values. A received word y := (1 � 2c

⇤
) + w

is fixed during the experiment. The code is the (3, 6)-regular
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Fig. 3. Plots of trained parameters {�
t

}25
t=1 and {�
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t=1 (n = 204,m =

102)

LDPC code with n = 204 and m = 102 and the trainable
parameters {�t}25t=1 and {�t}25t=1 are set to the values in Fig. 3
and ↵ is set to 8.05 according to the above training result. The
noise variance is corresponding to 4.0 (dB).

From Fig. 4, we can observe that each curve indicates
rapid decrease of the normalized squared error (around 10
rounds for convergence) and it means that a search point st
actually approaches to the transmitted word in the recursive
evaluation of (33) (34). With several iterations (5 to 15), the
normalized squared error gets to the value around 10

�4. This
results implies that the penalty function representing the parity
constraints are effective to direct the search point towards the
transmitted word and that trained parameters provide intended
behavior in minimization processes. Another observation ob-
tained from Fig. 4 is that search point trajectories are different
from each other and that are dependent on the initial value.
The idea of restarting is based on the expectation that random
initial values provide random outcomes. The experimental
results support this expectation.

B. BER performances

Several hyper parameters assumed in the training process
are as follows: The number of parameter updates for a gener-
ation is J = 500 and the mini-batch size is set to K = 50. We
employed Adam optimizer [5] with learning rate 0.005 for the
parameter updates. In a training process, the SNR of channel
is fixed to SNR = 4.0 dB.

The decoding performances of TPG decoding for the rate
1/2 (3,6)-regular LDPC code with n = 204 are shown in
Fig. 5. Figure 5 includes the BER curves of TPG decoding
with rmax = 1, 10, 100. As the baseline performance, the
BER curve of the belief propagation (BP) decoding where
the maximum number of iterations is set to 100. The BER
performance of TPG decoding (rmax = 1) is inferior to that
of BP. On the other hand, we can observe that restarting sig-
nificantly improves the decoding performance of the proposed
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algorithm. In the case of rmax = 10, the proposed algorithm
shows around 0.2 dB gain over the BP at BER= 10

�5 In the
case of rmax = 100, the proposed algorithm outperforms the
BP and yields impressive improvement in BER performance.
For example, it achieves 0.5 dB gain at BER = 10

�5. These
results indicate that restarting works considerably well as we
expected. This means that we can control trade-off between
decoding complexity and the decoding performance in a
flexible way. Figure 6 shows the BER curves of TPG decoding
for the rate 1/2 (3,6)-regular LDPC code with n = 504.
We can observe that the proposed algorithm again provides
superior BER performance in the high SNR regime.

The average time complexity of the proposed decoding
algorithm is closely related to the average number of iterations
in the TPG decoding processes. Early stopping by the parity
check (Step 5) reduces the number of iterations. The number
of iterations means the number of execution of Step 3 (gradient
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step) for a given received word. The average number of iter-
ations for (3,6)-regular LDDP code (n = 204,m = 102) are
plotted in Fig. 7. When SNR is 3.75 dB, the average number
of iterations is around 30 for all the cases (rmax = 1, 10, 100).

V. CONCLUDING SUMMARY

In this paper, we present a novel decoding algorithm for
LDPC codes, which is based on a non-convex optimization
algorithm. The main processes in the proposed algorithm are
the gradient and projection steps that have intrinsic massive
parallelism that fits forthcoming deep neural network-oriented
hardware architectures. Some of internal parameters can be
optimized with data-driven training process with back propa-
gation and a stochastic gradient type algorithm. Although we
focus on the AWGN channels in this paper, we can apply TPG
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実験結果: 提案法のBER性能
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a fixed received word (n = 204,m = 102, SNR = 4.0 (dB))
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algorithm. In the case of rmax = 10, the proposed algorithm
shows around 0.2 dB gain over the BP at BER= 10

�5 In the
case of rmax = 100, the proposed algorithm outperforms the
BP and yields impressive improvement in BER performance.
For example, it achieves 0.5 dB gain at BER = 10

�5. These
results indicate that restarting works considerably well as we
expected. This means that we can control trade-off between
decoding complexity and the decoding performance in a
flexible way. Figure 6 shows the BER curves of TPG decoding
for the rate 1/2 (3,6)-regular LDPC code with n = 504.
We can observe that the proposed algorithm again provides
superior BER performance in the high SNR regime.

The average time complexity of the proposed decoding
algorithm is closely related to the average number of iterations
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check (Step 5) reduces the number of iterations. The number
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plotted in Fig. 7. When SNR is 3.75 dB, the average number
of iterations is around 30 for all the cases (rmax = 1, 10, 100).

V. CONCLUDING SUMMARY

In this paper, we present a novel decoding algorithm for
LDPC codes, which is based on a non-convex optimization
algorithm. The main processes in the proposed algorithm are
the gradient and projection steps that have intrinsic massive
parallelism that fits forthcoming deep neural network-oriented
hardware architectures. Some of internal parameters can be
optimized with data-driven training process with back propa-
gation and a stochastic gradient type algorithm. Although we
focus on the AWGN channels in this paper, we can apply TPG

10
-4

10
-3

10
-2

10
-1

 0  5  10  15  20  25

M
S

E

iteration

Fig. 4. Plots of the trajectories of normalized squared error for 10 trials for
a fixed received word (n = 204,m = 102, SNR = 4.0 (dB))

10-6

10-5

10-4

10-3

10-2

 3  3.2  3.4  3.6  3.8  4  4.2  4.4  4.6

b
it 

e
rr

o
r 

ra
te

SNR (dB)

BP (itr=100)
TPG (rmax=1)

TPG (rmax=10)
TPG (rmax=100)

Fig. 5. BER performance of the TPG decoding for (3.6)-regular LDPC code
(n = 204,m = 102). Parameters: t

max

= 100,K = 50, J = 500, training
SNR = 4.0 (dB), Adam optimizer with learning rate 0.005

algorithm. In the case of rmax = 10, the proposed algorithm
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�5 In the
case of rmax = 100, the proposed algorithm outperforms the
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For example, it achieves 0.5 dB gain at BER = 10

�5. These
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flexible way. Figure 6 shows the BER curves of TPG decoding
for the rate 1/2 (3,6)-regular LDPC code with n = 504.
We can observe that the proposed algorithm again provides
superior BER performance in the high SNR regime.

The average time complexity of the proposed decoding
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in the TPG decoding processes. Early stopping by the parity
check (Step 5) reduces the number of iterations. The number
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実験結果: 平均反復回数
n = 204, m = 102, tmax = 100
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a fixed received word (n = 204,m = 102, SNR = 4.0 (dB))
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ations for (3,6)-regular LDDP code (n = 204,m = 102) are
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of iterations is around 30 for all the cases (rmax = 1, 10, 100).

V. CONCLUDING SUMMARY

In this paper, we present a novel decoding algorithm for
LDPC codes, which is based on a non-convex optimization
algorithm. The main processes in the proposed algorithm are
the gradient and projection steps that have intrinsic massive
parallelism that fits forthcoming deep neural network-oriented
hardware architectures. Some of internal parameters can be
optimized with data-driven training process with back propa-
gation and a stochastic gradient type algorithm. Although we
focus on the AWGN channels in this paper, we can apply TPG

提案法の時間計算
量(1反復）
O(m2r)

BPの時間計算量(1反
復）
O(mr)
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深層展開がうまく動かすために必須の要素 

基本多面体に基づくペナルティ関数の利用  

射影勾配型復号法 

ランダムリスタートの効用は大きい: 目的関数全体が非
凸関数であるため、望ましくない停留点で探索点がトラッ
プされる 

BPよりは計算量的に少し重いがほどほどの計算量 

BPを越す復号性能を発揮 

ニューラル型ハードウェアに好適
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通信路推定（スパースなマルチパス） 
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LASSO定式化
LASSO

二次項

̂x = arg min
x∈ℝN

1
2

| |y − Ax | |2
2 + λ | |x | |1

(1) y と Ax をなるべく近く 
(2) 微分可能

L1-正規化項
(1) スパースベクトルを選好 
(2) 微分不可能（原点にて）

部分不能な正規化項が入っているため、単純な勾配法はうまく動かない



近接（Proximal）演算子
近接演算子 

f(x) := |x | ( f : ℝ → ℝ)

(1) 射影演算子に似ている  
(2) 微分不能関数を滑らかに

Proxγf(x) := arg min
u∈ℝn

f(u) +
1
2γ

| |x − u | |2
2

例: L1正規化項に対応する近接演算子

f : ℝn → ℝ

Proxγf(x) := sign(x) max{ |x | − γ,0} =: η(x; γ)
i.e., ソフトしきい値関数 

-4 -2 2 4

-3

-2

-1

1

2

3



近接勾配法
ゴール 

近接勾配法 (proximal gradient method)

minimize f(x) + g(x) s . t . x ∈ ℝn

g(x) :  簡潔な近接演算子を持つ 
f(x) :  微分可能 

xn+1 := proxγg(xn − γ∇f(xn))

いくつかの条件が満足されるならば(例えば目的関数の凸性)、
近接勾配法において探索点は目的関数の最小点に収束する



ISTA: LASSOに対する近接勾配法

rt = st + βAT(y − Ast)

̂x = arg min
x∈ℝN

1
2

| |y − Ax | |2
2 + λ | |x | |1

LASSO

st+1 := η(rt; τ)

ISTA (Daubechies et.al, 2004)

(1) シンプルだが収束が遅い 
(2) ハイパーパラメータの調整がとても大変 

: 勾配ステップ 

: 近接写像ステップ 



「深層展開」の誕生

Process A

Process B

Process C

A B C A B C

学習可能パラメータ 

K. Gregor, and Y. LeCun, 
``Learning fast approximations of sparse coding,'' 
Proc. 27th Int. Conf. Machine Learning, pp. 399--406, 2010. 
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2.2. スパース信号復元に関する関連研究 9

定義 2.1 関数 η : R !−→ Rが
E[η′(R)] = 0 (2.23)

を満たす時，ηをダイバージェンスフリー関数と呼ぶ．

ダイバージェンスフリー関数は任意の関数 η̂を用いて

ηDF(r) = C · (η̂(r)− ER[η̂
′(R)] · r) (2.24)

と構成することができる．ここで，パラメータCは任意の係数である．例として，関
数 η̂を軟判定閾値関数

η̂(r) = sign(r)max{|r|− τ, 0} (2.25)

としたとき，ダイバージェンスフリー関数は

ηDF(r) = C ·
(
η̂(r)−

(
1

N

N∑

i=1

I(|ri| > τ)

)
· r
)

(2.26)

となる．ここで，関数 I(|ri| > τ)は指示関数

I(|ri| > τ) =

{
1 (if |ri| > τ)

0 (if |ri| ≤ τ)
(2.27)

である．
誤差分散 v2t , τ

2
t の推定式は SEより導出される [18]．推定式の導出については次章に

て詳細を述べる．Maらは IIDガウシアン行列やユニタリ不変行列が観測行列の場合に
ついて，線形推定誤差と非線形推定誤差が統計的に直交することを用いてこの SEが信
頼できることを示した [18]．

2.2.4 LISTA

前述した ISTA，AMP，OAMPと異なるアプローチとして，ISTAの構造を持つニュー
ラルネットワークを用いたスパース信号復元法が提案された [27]．この手法はLearned

ISTAと呼ばれている．LISTAでは漸化式

rt = Bst + Sy (2.28)

st+1 = η(rt; τt) (2.29)

を T 回反復計算することにより推定信号 x̂ = sT を求める．参考として，LISTAの第 t

層の概要図を図 2.2に示す．

10 第 2章 基礎的事項

図 2.2: LAMPの t反復目の概要．学習可能パラメータはB, S, τt．st, yを受け取り st+1

を出力する．

LISTAは学習可能パラメータΘ = {S,B, {τt}T−1
t=0 }を持つ．学習可能パラメータの初期

値は ISTAの設定に基づき，S = βAT , B = I−SAと設定する．Gregorらは，ISTAにお
ける閾値 τ を層依存の閾値 τtにして，訓練データ {(y, x)}に基づき loss(Θ) = ||x̂− x||
を最小化するように学習可能パラメータ S,B, τtを調整することを提案した．学習可
能パラメータの調整には，深層学習において用いられている学習法を用いている．こ
れにより，LISTAは ISTAと比べて非常に高速な推定を可能とした．LISTAでは前述
した全ての層で学習をした行列 S,B を共有するモデルの他に，全ての層で独立に行
列 St, Bt の学習を行うモデルを考えることができる．全層で行列の共有を行う場合，
B ∈ RN×N , S ∈ RN×M より，学習可能パラメータサイズは |Θ| = N2 +NM + T とな
る．これに対して，全層で独立に行列の学習を行う場合には，前者より復元性能が少
し上昇するものの，学習可能パラメータサイズが |Θ| = T (N2 +NM + 1)となり，大
幅に総数が増加することになる．
ニューラルネットワークの学習可能パラメータは，学習後の振る舞いについての解
析が一般的には困難である．しかしながら，LISTAは ISTAの構造を基にニューラル
ネットワークを構成しているため，それぞれの学習可能パラメータの振る舞いを ISTA

を基に考察することができると考えられている．学習可能パラメータ τtに着目すると，
ISTAにおいて τ は軟判定閾値関数に対する閾値として用いられており，τ は rt − xの
標準偏差を用いることが良いとされている．このことから，LISTAでは大量の訓練サ
ンプルをもとに，統計的に rt − xの標準偏差の推定を行っていると考えることができ
る．また，ISTAでは τ の値は全ての反復で同じ値を用いているが，LISTAでは層ごと
に異なる τtを用いることで，推定信号 rtに合わせた τtを使用して収縮推定を行うこと
ができる．以上の特徴より，LISTAでは ISTAと比べて非常に高速な収束を可能とし
ている．
上述の手法以外にも，ISTAの構造を基にしたニューラルネットワークの構成につい
て様々な研究がされている．例えば，ISTAのパラメータ調整についてではなく，ISTA

における軟判定閾値関数をMSE最適な関数に置き換える手法が提案されている [31]．
この手法では，MSE最適な関数を近似した関数を収縮関数として使用することを考え

Trainable matrix 
parameters

rt = st + βAT(y − Ast)
st+1 := η(rt; τ)

Original ISTA:

LISTA (Gregor and LeCun)
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単純な２変数２次関数を考える 

初期値をランダム値とする勾配法

0.3. Demonstration of Data-driven Tuning

0.3.1. Trainable Gradient descent methods

To demonstrate data-driven tuning by a simple toy example, we here introduce the gradient

descent (GD) method and the trainable GD algorithm. The GD method is written by an

update rule of the search point:

st+1 = st � �rf(st) (13)

for t = 1, 2, . . . , T . The parameter � is the step size parameter that significantly a↵ects

the behavior of the search process. In this section, we assume that the initial point s1 =

(s1,1, s1,2) is chosen from the closed interval [�10, 10] uniformly at random.

According to the idea of data-driven tuning, we can replace the constant step size

parameter in (13) with the trainable parameters depending on t. We then have

st+1 = st � �trf(st). (14)

We call this method the trainable GD (TGD) algorithm hereafter. The aim of the follow-

ing experiments is to show the data-driven acceleration in TGD and a roll of trainable

parameters {�t}.

0.3.1.1. Example 1: 2D quadratic problem

Suppose a two-dimensional quadratic function given by f(x1, x2) = x21 + qx22, where q > 0

is a constant. Our task is to minimize f(x1, x2) by using GD or TGD. Figure 2 shows the

averaged error curves for q = 1 and q = 5. The error curves of TGD and GD are plotted

as functions of the number of iterations. The definition of the error curve is described in
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二次関数の最小化

Figure 2: Averaged error curves of TGD and GD for q = 1 (left) and q = 5 (right): The
horizontal axis represents the number of iterations and the vertical axis represents the
averaged error log10 kst � s⇤k22 where st is the search point after t iterations, and s⇤ is the
optimal solution. In the evaluation process, the outcomes of 10000 minimization trials with
random starting points are averaged.

Figure 3: Trained values of �t for q = 1 (left) and q = 5 (right). The details of the
training is as follows. The number of maximum number of iterations is set to T = 10. The
incremental training with the mini-batch size 50 is used. In a generation, 1000 mini-batches
are processed. The squared loss function is optimized by Adam optimizer with learning rate
0.001 in the mini-batch training. The initial value of �t is set to 0.01.
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Squared errors v.s. iterations

Figure 2: Averaged error curves of TGD and GD for q = 1 (left) and q = 5 (right): The
horizontal axis represents the number of iterations and the vertical axis represents the
averaged error log10 kst � s⇤k22 where st is the search point after t iterations, and s⇤ is the
optimal solution. In the evaluation process, the outcomes of 10000 minimization trials with
random starting points are averaged.

Figure 3: Trained values of �t for q = 1 (left) and q = 5 (right). The details of the
training is as follows. The number of maximum number of iterations is set to T = 10. The
incremental training with the mini-batch size 50 is used. In a generation, 1000 mini-batches
are processed. The squared loss function is optimized by Adam optimizer with learning rate
0.001 in the mini-batch training. The initial value of �t is set to 0.01.
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学習可能勾配法は、通常の勾配法に比べて圧倒的に収束が速い 

反復インデックス依存のステップサイズパラメータによる恩恵
は大きい

γt



多峰性関数の場合

the caption of Fig. 2.

In the case of q = 1, � = 1/2 is optimal for the GD method in terms of the convergence

speed. We can see that the error curve of TGD exactly coincides with that of GD with

� = 0.5 in Fig. 2 (left). The trained values of {�t}10t=1 are plotted in Fig. 3 (left). It can

be observed that �t (t = 0, 1, 2) is very close to 0.5 that matches to the optimal value

of the GD method. In contrast, the values of �t (t � 3) is the same as the initial value

� = 0.01 because TGD reaches reasonable convergence (within the machine precision) with

3 iterations. In this case, from the training process, TGD actually learns that the optimal

strategy is to fix �t around 0.5.

In the case of q = 5, the strategy learned from the training appears considerably

di↵erent. Figure 3 (right) presents the values of trained parameters {�t}10t=1, where trained

values form a zigzag pattern. In this case, TGD significantly outperforms GD in terms

of the speed of convergence (See Fig. 2 (right)). This indicates that the learned strategy

(trained values of {�t}10t=1) is reasonable one to achieve fast convergence. In this case, the

search point shows moves similar to that of the conjugate gradient descent method.

0.3.1.2. Example 2: 2D non-convex problems

In the previous subsection, we discussed a simple convex problem that is easy to minimize.

It may be interesting to study the behavior and the performance of TGD for non-convex

problem that is hard to minimize. As a test function, we here discuss the egg crate func-

tion [12] that is defined by f(x1, x2) = x21 + x22 + 25(sin2(x1) + sin2(x2)). The function has

many local minima and has the global minimum at the origin (x1, x2) = (0, 0) (its contours

are plotted in Fig. 5).

We performed numerical experiments for evaluating the error curves of GD and TGD

with random initial points. Figure 4 (left) presents their error curves. The detail of the

13

卵入れ関数 (egg crate function)

cited from: http://benchmarkfcns.xyz/benchmarkfcns/eggcratefcn.html



多峰性関数の場合

Figure 4: Averaged error curves of TGD and GD for the egg crate function (left) and
trained values of �t (right). The number of maximum number of iterations is set to T = 10.
In the incremental training, we used mini-batches with size 50. In each generation, 1000
mini-batches are processed. Adam optimizer with learning rate 0.0005 is used to optimize
the squared loss function. The initial value of �t is set to 0.01.

experiments including the parameter setting is summarized in the caption of Fig. 4. Again,

TGD provides the smallest squared error values lower than those of the best GD with

� = 0.09. The trained values of � is depicted in Fig. 4 (right). The shape of � curves is not

similar to those in Fig.3.

Figure 5 illustrates 5 trajectories of the search point of the GD method. The figure

also includes the contour of the egg crate function. When the step size parameter � is

small (� = 0.04, left), we can see that each trajectory is trapped at a local minimum. On

the other hand, if � is large (� = 0.16, right), each search process looks like a random

walk around the origin. The middle value (� = 0.09, center) seems to provide a preferable

balance between random exploring and convergence. We can see that the middle value

� = 0.09 actually achieves the best performance among the GD error curves in Fig. 4.

The trained value of �t shown in Fig. 4 (right) indicates the behavior of the search

process of the TGD method and the shape of the �-curve can be interpreted as follows. At

the first several iterations, a search process is in the random exploring mode (� ' 0.16)

15

真値からの誤差 学習可能パラメータの値

Figure 5: Trajectories of GD search points in 5 trials: � = 0.04 (left), � = 0.09 (center),
� = 0.16 (right).

to find the region where the objective function value is small. The mode is then switched

to the middle mode represented in Fig.5 (center, � ' 0.09) and eventually changed to the

convergence mode (� ' 0.04). The process appears analogous to the annealing process of

simulated annealing methods that are suitable for non-convex optimization problems.

0.3.2. Trainable Projected gradient

In the previous subsection, we show the data-driven acceleration in the TPG method for

small optimization problems. Here, we will show that the data-driven tuning is also e↵ective

for high-dimensional optimization problem which appears in large communication systems.

In stead of a simple gradient descent algorithm, we examine the projected-gradient (PG)

algorithm.

Let us consider a quadratic optimization problem with box constraints, i.e,

min
x

ky �Axk22 subject to x 2 [�1, 1]n, (15)

where A 2 Rn⇥n is a random matrix whose elements are i.i.d. Gaussian random variables

16
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with zero mean and unit variance. The signal y 2 Rn is asuumed to be generated by

y = Ax + w where w 2 Rn is an additive white Gaussian vector with zero mean and

varicance �2. This problem is regarded as a maximal likelihood detection for the Gaussian

linear vector model where x, A, and y respectively represent a transmitted signal, channel

matrix, and received signal. The recursive formula of the PG algorithm is given by

rt = st + �AT (y �Ast), (16)

st+1 = ' (⇠rt) , (17)

where t(= 1, . . . , T ) is tan iteration index, �(> 0) is a constant step size parameter, and

'(x) is a component-wise projection operator onto the box constraint whose ith element

(i = 1, · · · , n) takes �1 if xi  �1, 1 if xi � 1, and xi otherwise. The initial value is set to

s1 = 0.

The trainable PG (TPG) algorithm is then designed as in Section 0.2.1. The recursive

formula of the TPG algorithm is then given by

rt = st + �tA
T (y �Ast), (18)

st+1 = ' (⇠rt) , (19)

with T trainable parameters {�t}Tt=1.

In the following experiments, we set n = 1000 and � = 0.1. We examined two training

processes for TPG, the one-shot training (called “TPG-noINC”) and incremental training

(simply called “TPG”). In the training process, the batch-size is fixed to 100 and the

Adam optimizer with learning rate 0.001 (TPG-noINC) and 0.001 (TPG) is used. The

initial values of {�t}Tt=1 is set to 0.01. In both cases, the number of mini-batches is so

large that parameters are su�ciently converged. More concretely, the training stops if the

17
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able ISTA (TISTA) is based on the orthogonal approximation message passing (OAMP) [15]

known as the e↵ective iterative algorithm for LASSO. We first briefly review message pass-

ing algorithms for LASSO.

Among a large number of iterative algorithms for LASSO, AMP [8] is known as one

of the outstanding algorithms. It is based on a message passing algorithm whose recursive

formula is given by

rt = y �Ast + btrt�1, (20)

st+1 = S⌧t(st +ATrt), (21)

bt =
1

m
kstk0, ⌧t =

✓p
m
krtk2, (22)

where S⌧ (x) is the soft thresholding function (8) as a proximal operator and ✓(> 0) is

a constant. We used ✓ = 1.14 in the following experiments. In the iterations, r1 = 0 is

set as an initial value and st+1 is used as its output. Compared with ISTA (9), (10), one

of the main di↵erences is the term btrt�1 in (20). This term called Onsager correlation
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訓練プロセスにより適切なステップサイズパ
ラメータが選択されている 

反復ごとに独立したステップサイズパラメー
タが本質的に重要 

訓練プロセスにより学習された結果は一種の
「最小化のための戦略」と見ることができる 

学習された戦略は必ずしも自明ではない
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Definition of TISTA

TISTA

The recursive formula of TISTA are summarized as follows:

rt = st + γtW (y − Ast), (4)

st+1 = ηMMSE (rt ; τ
2
t ), (5)

v2t = max

{
||y − Ast ||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2t =
v2t
N

(N + (γ2
t − 2γt)M) +

γ2
tσ

2

N
trace(WW T ), (7)

! γt : trainable variable (trained by mini-batch training)
W は Aのムーア・ペンローズ擬似逆行列

D. Ito, S. Takabe, and T. Wadayama, ``Trainable ISTA for sparse signal recovery,'' 
IEEE Trans. Signal Processing,  vol. 67, no. 12, pp. 3113-3125, Jun., 2019. 
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2
t ), (5)

v2t = max

{
||y − Ast ||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2t =
v2t
N

(N + (γ2
t − 2γt)M) +

γ2
tσ
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N
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! γt : trainable variable (trained by mini-batch training)

近接勾配法

誤差分散推定MMSE Shrinkage function
Plots of ηMMSE as a function of a received signal y
α2 = 1, σ2 = 0.2, 0.8.
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Block diagram of TISTA
The t-th iteration of the TISTA with learnable variable γt .

Process A
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Process C

Signal flow

(a)  Flow diagram of 
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(b)  Signal-flow network and deep learning  process
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Loss 
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比較：学習可能パラメータ数
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は、ガウス雑音ベクトルである。圧縮センシングでは、与えら
れた観測ベクトル yから原信号 xを可能な限り高い精度で再現
することを目標とする。圧縮センシングは、最近では広い工学
分野においてその応用研究が進められている。例えば、医療画
像処理分野 (特にMRI)では、サンプリング回数削減を実現す
るための画像再現原理として注目されている。また無線通信分
野においてもランダムアクセスプロトコル、スペクトルセンシ
ング、通信路推定などの分野で応用研究が発表されている。
スパース信号再現アルゴリズムとして様々なアルゴリズムが

知られているが、ここではその一部について紹介するに留める。
ISTA [4] [5]は、古くから知られる反復型アルゴリズムであり、
次の再帰式に基づく計算を行う。

rt = st + βAT (y −Ast) (2)

st+1 = η(rt; τ). (3)

式 (2)は原信号に対する線形推定式であり、式 (3)は、軟しき
い値関数 (soft thresholding function)η(rt; τ)に基づく非線形
推定を表す関数である。以上の反復式は、元問題を Lasso形式
x̂ = argminx

1
2 ||y−Ax||22 + λ||x||1 に表現し、それを近接演算

子 (proximal operator)を利用した勾配法 (proximal gradient

descent)を書き下すと ISTAの反復式 (2)(3)が自然に導かれる。
ISTAは単純な反復計算に基づくアルゴリズムであり、その

計算量も少ない (1ラウンドの計算につき、O(N2)の計算量で
十分である)ため、大規模なスパース信号再現問題に対しても適
用が可能である。しかし、解への収束は一般に遅く、数百回か
ら数千回の反復が必要になることもある。また、ハイパーパラ
メータ β の設定も、かなりシビアであることが知られている。
観測行列がある種の条件を満たすときに、ISTAと比べて圧

倒的に高速な収束を見せるスパース信号再現アルゴリズムとし
て、近年では、AMP [6]がよく知られている。AMPは、ISTA

に似た反復型の構造を持っている。また、最近では、OAMPな
ど AMPを改良したアルゴリズムもいくつか提案されている。
4. 2 TISTAの詳細
ここでは、文献 [15] に基づき、TISTAの詳細について述べ

る。TISTAの反復処理は、次の通りまとめられる。

rt = st + γtW (y −Ast), (4)

st+1 = ηMMSE(rt; τ
2
t ), (5)

v2t = max

{
||y −Ast||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2
t =

v2t
N

(N + (γ2
t − 2γt)M) +

γ2
t σ

2

N
trace(WWT ). (7)

行列W はセンシング行列 Aの疑似逆行列である。式 (4)と式
(5)は、ほぼ ISTAの線形推定式・非線形推定式と同様である。
ただし、TISTA では、収縮関数として軟しきい値関数の代わ
りにMMSE収縮関数 ηMMSE(y;σ

2)が利用されている。ここ
で、注目すべき点として、式 (4)に登場する変数 γt が TISTA

における学習可能パラメータである。このパラメータは、学習
プロセスにおいて適切な値に調整されることになる。式 (4)を
一種の勾配法の過程としてみるとき、γt はステップサイズを定

めるパラメータと見ることもできる。
ここで収縮関数である ηMMSE(y;σ

2)は

ηMMSE(y;σ
2) =

(
yα2

ξ

)
pF (y; ξ)

(1− p)F (y;σ2) + pF (y; ξ)
,

(8)

と定義される。ここで、 ξ = α2 + σ2 であり、F は F (z; v) =
1√
2πv

exp
(

−z2

2v

)
と定義される。この MMSE 収縮関数は元信

号の事前確率分布 (この場合、ベルヌーイ・ガウシアン事前分
布)により定まる。図 2に ηMMSE(y;σ

2)の概形を示す。
この図から見て取れるようにパラメータ σ2 の値により、収
縮関数の概形が制御されることになる。TISTA の反復過程に
おいて、この σ2 は推定誤差分散 τ2

t と等しく置かれており、推
定誤差分散により適切な値が自動的に設定される。
TISTA は ISTA をベースとして構成されたアルゴリズムで
あるが、学習パラメータの導入の仕方に大きな自由度があるこ
とを指摘しておきたい。TISTAの場合は γt として、スカラー
の学習可能パラメータを各反復処理ごとに導入している。一方、
既存の学習型スパース信号再生アルゴリズムである LISTA [11]

や LAMP [2]では、線形推定式に現れる行列そのものを学習可
能パラメータとして置いている。このように深層学習に基づい
て派生アルゴリズムを作り出す際には、高い構造上の自由度が
ある。どのような形で学習可能パラメータを導入するか、また
は可塑性のあるニューラルネットワーク関数近似をどの部分に
導入するか、などの慎重な吟味・検討が性能の良い派生アルゴ
リズム構成のためには重要となる。
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図 2 TISTA で利用される MMSE 収縮関数

表 1 学習可能パラメータ数の比較 (T ラウンドの処理を仮定)

TISTA LISTA LAMP

# of params T T (N2 +MN + 1) T (NM + 2)

既存のアルゴリズムをベースとして、学習可能なアルゴリズ
ムを構成する際には、どの部分を学習可能にするかの選択に
よって最終的なアルゴリズム全体の性能、学習プロセスの難易
度・速度は変わってくる。表 1 に TISTA, LISTA, LAMP に
おいて利用される学習可能パラメータ数の比較を示す。TISTA

は従前のアルゴリズムと比べて圧倒的に学習可能パラメータ数

— 6 —



TISTAの復元性能　(10%が非ゼロ元となる状況)
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Figure 7: Sparse signal recovery for (n,m) = (300, 150), p = 0.1 and SNR= 50 dB. (Left)
MSE performances as a function of iteration steps. (Right) Trained values of �t under three
di↵erent mesurement matrices. The initial value is set to 1.0.

in this case. In the figure, we only show NMSE performances of TISTA and OAMP with

T = 20 to examine data-driven acceleration. It is found that TISTA outperforms OAMP

with a considerably large gain. e.g., 7.2 dB when T = 10. Moreover, the convergent solution

of TISTA (NMSE' 28 dB) is better than that of OAMP (NMSE' 25 dB). It shows that

the data-driven tuning is more e↵ective for harder situations because of its flexibility.

0.4.3.2. Binary sensing matrix

Another class of random sensing matrix is binary matrix whose elements independently

take�1 or 1 with equal probability. This kind of sensing matrix is closely related to a array

of spreading codes in the code division multiple access (CDMA).

Figure 8 (right) shows the MSE performance in the case of (n,m) = (300, 150), SNR=

30 dB, and sparsity p = 0.1. The estimate signal of AMP diverges in this situation because

the variance of sensing matrix elements is too large. On the other hand, LISTA, OAMP,

TISTA can estimate a signal. In particular, TISTA shows the best NMSE performance

among them indicating that TISTA e↵ectively recovery sparse signals under various types

24



TISTA vs OAMP (1) 

Figure 8: (Left) MSE performance of OAMP and TISTA for (n,m) = (300, 150), p = 0.18
and SNR= 30 dB. (Right) MSE performances for (n,m) = (300, 150), p = 0.1 and SNR= 30
dB with binary sensing matrix A 2 {1,�1}m⇥n as a function of iteration steps.

of random measurements for which AMP cannot work.

0.4.4. Application to real data: MNIST image recon-

struction

In the previous section, we show that TISTA realize data-driven acceralation in the Bayes

optimal setting, i.e., we know the prior distribution by which artificial data is generated.

As an example of applications to real data, we demonstrate sparse signal reconstruction of

the MNIST image dataset.

In the experiment, we consider an image reconstruction from a noisy compressed ob-

servation. The observation data y is generated by y = Ax + w where x 2 [0, 1]784 is a

vector corresponding to 28 ⇥ 28 normalized pixels of an MNIST image. A sensing matrix

A 2 R392⇥784 is sampled from Gaussian random matrix with mean zero and covariance

I/392. The variance of additive white Gaussian noise w is set to 0.03. In the training

process of TISTA, the training data is generated from MNIST training set images and

25



TISTA vs OAMP (2) 
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t=20
TISTA OAMP

Figure 9: MNIST image reconstruction from compressed observations by TISTA and
OAMP.
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MNISTデータ 
セットに対する 
スパース信号再現 

人工データだけではなく 
実データでも良好な特性



TISTAのコード

https://github.com/wadayama/TISTA



過負荷MIMO検出問題
送信アンテナ数 > 受信アンテナ数

基地局側は多くのアンテナを持つ余裕があるが， 
端末側はコスト・消費電力などの点で，そんなに多くの 
アンテナを持てない

mmWave MIMOなどでは，アンテナの小型化・  
高集積化が進む
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unit variance. For the following discussion, it is convenient to derive an equivalent channel model defined over R,

i.e.,

y = Hx+w, (8)

where

y !

⎡

⎣Re(ỹ)

Im(ỹ)

⎤

⎦ ∈ RM , H !

⎡

⎣Re(H̃) −Im(H̃)

Im(H̃) Re(H̃)

⎤

⎦ , (9)

x !

⎡

⎣Re(x̃)

Im(x̃)

⎤

⎦ ∈ SN , w !

⎡

⎣Re(w̃)

Im(w̃)

⎤

⎦ ∈ RM ,

and (N,M) ! (2n, 2m). The signal set S is the real counter part of S̃. The matrix H ∈ RM×N is converted from

H̃ . Similarly, the noise vector w consists of i.i.d. random variables following the Gaussian distribution with zero

mean and variance σ2
w/2. Signal-to-noise ratio (SNR) per receive antenna is then represented by

SNR ! Es

N0
=

N

σ2
w

, (10)

where Es ! E[||H̃x̃||22]/m stands for the signal power per receive antenna and N0 ! σ2
w stands for the noise

power per receive antenna. Throughout the paper, we assume the QPSK modulation format, i.e., S̃ ! {1+ j,−1+

j,−1− j, 1− j}, which is equivalent to the BPSK modulation S ! {−1,+1}.

IV. TRAINABLE PROJECTED GRADIENT (TPG)-DETECTOR

The proposed algorithm called TPG-detector is based on the TPG algorithm introduced in Section II-B. We first

describe the detail of the TPG-algorithm and discuss its time complexity. Then, we will show some numerical

results which mainly compare the detection performance of the TPG-detector with that of other baseline algorithms

for massive overloaded MIMO systems. In addition, the detection performance for non-massive non-overloaded

MIMO systems will be presented, which indicates that the TPG-detector is a promising MIMO detector not only

for massive overloaded systems but also for non-massive non-overloaded systems with reasonably low computational

complexity.

A. Details of TPG-detector

The ML estimation rule for the MIMO channel defined above is given by

x̂ = argminx∈{−1,+1}N ∥Hx− y∥22. (11)

This problem is a non-convex problem and finding the global minimum is computationally intractable for a

large scale problem. The TPG-detector is based on the TPG algorithm to solve the above non-convex problem

approximately. The process of the TPG-detector is described by the following recursive formulas:

rt = st + γtW (y −Hst), (12)

st+1 = tanh

(
rt
|θt|

)
, (13)
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Fig. 5. MSE as a function of iteration steps. The curves represent the MSE of the TPG algorithm with different fixed ξ or trainable ξ. The

trained value is ξ ≃ 8.560.

trainable ξ. The setting of the experiment is the same for the previous one. As described above, the projection of the

TPG algorithm is the soft-projection function instead of the hard-projection function corresponding to the ξ → ∞

limit. The results show that the large fixed ξ is not appropriate in terms of the MSE. On the other hand, the TPG

algorithm with small fixed ξ also shows poor MSE performance. It is thus crucial to tune not only the step size

parameter {γt}Tt=1 but also the softness parameter ξ to pull out the full performance of the TPG algorithm. The

curve with the label “TPG (ξ trained)” represents the MSE of TPG with trainable ξ. In the experiment, we used

K = 10000 due to the slow convergence of ξ. In Fig. 5, we can see that it outperforms other TPG algorithms with

fixed ξ.

III. OVERLOADED MIMO CHANNELS

The section describes the MIMO channel model and introduces several definitions and notation. The numbers

of transmit and receive antennas are denoted by n and m, respectively. We mainly consider the overloaded MIMO

scenario in this paper where m < n holds. It is also assumed that the transmitter does not use precoding and that

the receiver perfectly knows the channel state information, i.e., the channel matrix.

Let x̃ ! [x̃1, x̃2, . . . , x̃n]T ∈ S̃n be a vector which consists of a transmitted symbol x̃j (j = 1, . . . , n) from

the jth antenna. The symbol S̃ ⊂ C represents a symbol alphabet, i.e., a signal constellation. Similarly, ỹ !
[ỹ1, ỹ2, . . . , ỹm]T ∈ Cm denotes a vector composed of a received symbol ỹi (i = 1, . . . ,m) by the ith antenna. A

flat Rayleigh fading channel is assumed here and the received symbols ỹ then reads

ỹ = H̃x̃+ w̃, (7)

where w̃ ∈ Cm consists of complex Gaussian random variables with zero mean and covariance σ2
wI . The matrix

H̃ ∈ Cm×n is a channel matrix whose (i, j) entry h̃i,j represents a path gain from the jth transmit antenna to the

ith receive antenna. Each entry of H̃ independently follows the complex Gaussian distribution with zero mean and

December 6, 2018 DRAFT
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where t(= 1, . . . , T ) represents the index of an iterative step (or layer) and we set s1 = 0 as the initial value. This

algorithm estimates a transmitted signal x from the received signal y and outputs the estimate x̂ = sT+1 after T

iterative steps.

The steps (12) and (13) correspond to the gradient descent step and to the projection step, respectively, as

described in Section II-B. The matrix W in the gradient step (12) is the linear MMSE (LMMSE)-like matrix

defined by

W ! HT (HHT + αI)−1, (14)

where α ∈ R is a trainable parameter. The matrix (14) also appears in the solution of a linear regression problem

with a quadratic regularization term. Precisely speaking, the matrix W should be HT as in (4) for achieving the

gradient descent process for the quadratic objective function in (11). However, we adopt the modification inspired

by [22] because this modification improves the BER performance of the proposed scheme (an experimental evidence

will be shown in Section V-B1). This modification is especially effective when the matrix H is ill-conditioned,

i.e., the condition number of H is large. The LMMSE-like matrix (14) changes an ill-conditioned matrix to a

reasonably well-conditioned matrix. Since it is critical to optimize α to achieve a reasonable detection performance,

the parameter α is optimized in a training process. As in the case in (5), we use the hyperbolic tangent function

for the soft projection.

B. Trainable parameters

The trainable parameters of the TPG-detector are 2T + 1 real scalar variables α, {γt}Tt=1, and {θt}Tt=1. The

parameters {γt}Tt=1 in the gradient step control the step size of a move of the search point. In order to achieve fast

convergence, appropriate setting of these step size parameters is of critical importance as described in Section II-B.

It should be remarked that similar trainable parameters are also introduced in the structure of TISTA [16]. The

parameters {θt}Tt=1 control the softness of the soft projection in (13). Different from the TPG algorithm, the trainable

parameters depend on the iteration index t to increase the degree of freedom of trainable parameters in the soft-

projection functions. The parameter α adjusts the degree of compensation for an ill-conditioned matrix H . Apart

from {γt}Tt=1 and {θt}Tt=1, the TPG-detector uses the same parameter α through all the iteration steps. It is crucial

to reduce the computational cost to execute the TPG-detector, which will be discussed in the next subsection.

One of the advantages of the TPG-detector is that the number of trainable parameters is small, i.e., O(T ), and

it leads to fast and stable training processes. For example, the number of trainable parameters of the TPG-detector

is constant to the number of antennas n and m though the DMD [17] contains O(n2T ) parameters in T layers.

C. Time complexity

The computational complexity of the TPG-detector per iteration is O(mn) because one needs to calculate the

vector-matrix products Hst and W (y − Hst) that take O(mn) computational steps. We need to calculate the

LMMSE-like matrix W with O(m3) computational steps because the calculation involves an matrix inversion. The

evaluation of W is required only when H changes, i.e., the matrix inversion is not needed for each iteration of a
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unit variance. For the following discussion, it is convenient to derive an equivalent channel model defined over R,

i.e.,
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where
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H̃ . Similarly, the noise vector w consists of i.i.d. random variables following the Gaussian distribution with zero
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=

N

σ2
w

, (10)

where Es ! E[||H̃x̃||22]/m stands for the signal power per receive antenna and N0 ! σ2
w stands for the noise

power per receive antenna. Throughout the paper, we assume the QPSK modulation format, i.e., S̃ ! {1+ j,−1+

j,−1− j, 1− j}, which is equivalent to the BPSK modulation S ! {−1,+1}.

IV. TRAINABLE PROJECTED GRADIENT (TPG)-DETECTOR

The proposed algorithm called TPG-detector is based on the TPG algorithm introduced in Section II-B. We first

describe the detail of the TPG-algorithm and discuss its time complexity. Then, we will show some numerical

results which mainly compare the detection performance of the TPG-detector with that of other baseline algorithms

for massive overloaded MIMO systems. In addition, the detection performance for non-massive non-overloaded

MIMO systems will be presented, which indicates that the TPG-detector is a promising MIMO detector not only

for massive overloaded systems but also for non-massive non-overloaded systems with reasonably low computational

complexity.

A. Details of TPG-detector

The ML estimation rule for the MIMO channel defined above is given by

x̂ = argminx∈{−1,+1}N ∥Hx− y∥22. (11)

This problem is a non-convex problem and finding the global minimum is computationally intractable for a

large scale problem. The TPG-detector is based on the TPG algorithm to solve the above non-convex problem

approximately. The process of the TPG-detector is described by the following recursive formulas:

rt = st + γtW (y −Hst), (12)

st+1 = tanh

(
rt
|θt|

)
, (13)
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ਤ 3.3: tanh

ͰఏҊ͢ΔTPG-detectorɼ࣍ͷԽࣜ

rt = st + γtW (y −Hst), (3.4)

st+1 = tanh

(
rt
|θt|

)
. (3.5)

Ͱهड़͞ΕΔɽTPG-detectorॳظ s1 = 0ɼड৴৴߸ yΛೖྗͱͯ͠ਪఆ৴߸ st

Λ T ճ෮͠ࢉܭɼ࠷ऴతͳਪఆ৴߸ x̂ = sT+1 Λग़ྗ͢Δɽ͜͜Ͱɼۂઢؔ

tanh(·)֤ཁૉ͝ͱʹద༻͞ΕΔɽ·ͨɼΞϧΰϦζϜͰར༻͞ΕΔྻߦW ʹ

liner MMSE(LMMSE)ܕͷྻߦͰ͋Δ

W = HT (HHT + αI)−1 (3.6)

Λར༻͢ΔɽֶशՄύϥϝʔλ γt, θt,αͰ͋Δɽਤ 3.2ʹTPG-detectorͷ t෮

ͷ֓ཁਤΛࣔ͢ɽ

ࣹӨޯ๏ʹɼޯ ʹ͍ͯͮجղΛ୳͢ࡧΔޯ߱Լεςοϓͱɼղ͕औΓ͏Δ

ͷࣹӨΛࣹ͏ߦӨεςοϓ͕͋ΔɽTPG-detectorʹ͓͚Δࣜ (3.4)ޯ߱ԼΛ͏ߦες

οϓͰ͋Γɼࣜ (3.3)ʹ͓͚ΔతؔͷޯϕΫτϧ∇1/2||Hx−y||22 = −HT (y−Hx)

ͱରํʹղΛ୳͢ࡧΔɽ͜ͷͱ͖ͷɼֶशՄύϥϝʔλ γtεςοϓαΠζΛ

ௐ͠ɼऩଋͷڍಈʹେ͖ͳӨڹΛ༩͑Δɽࣜ (3.5)ೈͷࣹӨΛ͏ߦεςοϓͰ

͋Γɼۂઢؔʹ͖ͮج୳ࡧղΛ {−1,+1}ʹ͍ۙͱؙΊΔɽ͜͜ͰɼֶशՄ
ύϥϝʔλ θtۂઢؔ tanh(·)ͷܗΛม͑ΔύϥϝʔλͰ͋Γɼਤ 3.3ʹύϥϝʔ

λͱۂઢؔͷྫΛࣔ͢ɽྻߦW ʹؔͯ͠ɼࣜ (3.3)ͷతؔʹର͢Δޯࢉܭ
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3.4 TPG-detectorͷֶश๏
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BER比較：(n,m)=(150,96)
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Fig. 9. BER performances for (n,m) = (100, 64).
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Fig. 10. BER performances for (n,m) = (150, 96).

2) BER performances: We present the BER performance of each detector as a function of SNR for (n,m) =

(50, 32), (100, 64), and (150, 96) in Fig. 8-10, respectively. All the results show that the MMSE detector fails to

detect transmitted signals reliably (BER ≃ 10−1) because the system is underdetermined.

For (n,m) = (50, 32) in Fig. 8, ERTS outperforms other detection algorithms in a large margin when SNR is

larger than 10 dB. It should be remarked that ERTS needs much more time complexity (around several orders of

magnitudes) than that of the IW-SOAV (see Fig. 7 in [6]). Comparing the TPG-detector with the IW-SOAV, we

find that the TPG-detector overwhelms the IW-SOAV (L = 1) and shows BER performance close to the IW-SOAV

(L = 5) when SNR is below 20 dB. Note that the computational cost for executing the TPG-detector with T = 50

is almost comparable to that of the IW-SOAV (L = 1). The IW-SOAV (L = 5) requires 250 iterations that is 5 times

as large as the number of required iterations for the TPG-detector with T = 50. It implies that the TPG-detector

achieves considerably good detection performance with the relatively small computational cost.

For (n,m) = (100, 64) in Fig. 9, ERTS detector shows the best BER performance in a middle SNR region where

SNR is between 10 dB and 18 dB but the BER curve of ERTS is saturated after 20 dB. The TPG-detector and

the IW-SOAV (L = 1 and L = 5) outperform ERTS in a high SNR regime. In such a regime, the TPG-detector
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複素TISTA(C-TISTA)
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A 2 Cm⇥n, and f is a component-wise function that is
applied to each component of the argument. If the function f

is the identity function, the problem becomes a linear inverse
problem such as the CS problem over complex field. To
treat complex-valued problems, we replace a gradient step, an
update rule based on the gradient of the squared error function,
in the original TISTA to that using Wirtinger derivative for
non-analytic complex functions. C-TISTA is expected to be
applied to wide variety of wireless detection problems because
the complex-valued and/or nonlinear model is fairly general.

The other goal of this paper is to present signal recov-
ery performances of C-TISTA for several inverse problems
in wireless communications. We expect that the numerical
experiments indicate the potential of C-TISTA for detection
problems. In this paper, we will study the following problems:
(i) CS problem over complex field, (ii) signal recovery for
an underdetermined linear system with 8-PSK inputs (corre-
sponding to an overloaded MIMO scenario), and (iii) signal
recovery for a clipped OFDM system (nonlinear system with
16-QAM inputs).

The outline of the paper is as follows. Section II describes
notations and a system model. Section III is a brief review of
Wirtinger derivative and its application to the gradient descent
method. Section IV describes C-TISTA and we examine
its signal recovery performance in linear inverse problems,
namely (i) and (ii), in Section V. In Section VI, we will
demonstrate C-TISTA for a nonlinear inverse problem (iii).
Section VII is a summary of this paper.

II. PRELIMINARIES

A. Notation

A vector v = (v1, v2, . . . , vn)
T 2 Cn is a column vector.

For a complex-valued function f : C ! C, f(v) represents
the coordinate-wise application of f to v 2 Cn such that
f(v) := (f(v1), f(v2), . . . , f(vn)). For a complex vector z,
z

⇤ represents its conjugate. For a matrix A := (aij) 2 Cm⇥n,
A

H
:= (a

⇤
ji) is the Hermitian transpose of A.

B. System model

We consider a complex-field nonlinear system given by

y = f(Ax) +w, (1)

where A 2 Cm⇥n. The vector x 2 Cn is the input vector on
which a certain prior information such as sparsity is imposed.
Each component of the the additive noise w 2 Cm follows
the complex Gaussian probability density function CN (0,�

2
)

with variance �

2. The task of a signal recovery algorithm is
to infer the input vector from the observation y under the
assumption that the algorithm perfectly knows A and f .

III. GRADIENT DESCENT BY WIRTINGER DERIVATIVE

Before we describe C-TISTA, we briefly review Wirtinger
derivative and derive a gradient descent method for solving
the the least mean square (LMS) problem for (1), i.e.,

Minimize

x2Cn
g(x) := ky � f(Ax)k22, (2)

with no prior information.
A simple extension of the gradient descent method for a

real-valued problem is not applicable to the complex-valued
problem (2) because a function kzk22 = z

H
z is not analytic

and does not have complex differentiability. To overcome
this difficulty, we here use Wirtinger derivative in complex
analysis as an extension of partial derivative with respect to
real variables. For a function f : C ! C and z := zr+jzi 2 C
(zr, zi 2 R), we introduce a function F : R2 ! C such that
F (zr, zi) = f(z). Wirtinger derivative is then defined by

@f(z)

@z

:=

1

2


@

@zr
� j

@

@zi

�
F (zr, zi), (3)

@f(z)

@z

⇤ :=

1

2


@

@zr
+ j

@

@zi

�
F (zr, zi), (4)

by using partial derivatives [11], [12]. For a complex vec-
tor z 2 Cn, we introduce differential operators @

@z :=⇣
@

@z1
, . . . ,

@
@zn

⌘T

, and @
@z⇤ :=

⇣
@

@z⇤
1
, . . . ,

@
@z⇤

n

⌘T

. It is known
that the steepest descent direction is given by �@f/@z

⇤ [13],
not �@f/@z. We thus calculate rg(x) := �@g/@x

⇤ of (2)
to solve the LMS problem by gradient descent.

We first calculate the Wirtinger derivative with respect to
the first variable x

⇤
1 based on the assumption that the function

f is applied to a vector component-wisely. We have

@

@x

⇤
1

g(x) =� 1

2

mX

i=1


{yi � f(aix)}⇤

@

@x

⇤
1

(f(aix))

+{yi � f(aix)}
@

@x

⇤
1

(f

⇤
(aix))

�

=� 1

2

mX

i=1

a

⇤
i1


{yi � f(aix)}⇤

@f

@z

⇤ (aix)

+{yi � f(aix)}
@f

⇤

@z

⇤ (aix)

�
, (5)

where ai := (ai1, . . . , ain) (1  i  m) of A and @f
@z⇤ (u) :=

@f(z)
@z⇤

���
z=u

. We use a chain rule [12], i.e.,

@

@z

⇤ (f1 � f2) =
✓
@f1

@z

� f2
◆

@f2

@z

⇤ +

✓
@f1

@z

⇤ � f2
◆

@f

⇤
2

@z

⇤ , (6)

for functions f1, f2 : C ! C, and an identity @z/@z

⇤
=

@z

⇤
/@z = 0 in the second line of (5). Combining it with

derivatives with respect to other variables, we obtain

rg(x) = �1

2

A

H


{y � f(Ax)}⇤ � @f

@z

⇤ (Ax)

+{y � f(Ax)}� @f

⇤

@z

⇤ (Ax)

�
, (7)

where � is the Hadamard product, i.e., component-wise prod-
uct. For a linear model in which f(z) = z, we have

rg(x) = �1

2

A

H
(y �Ax). (8)

As another special case, if f(z) is analytic function, we have

rg(x) = �1

2

A

H
[{y � f(Ax)}� f

0
(Ax)] , (9)

非線形観測問題

関数fはコンポーネントワイズ関数で、非線形関数でもよい

where f

0
(z) is a complex derivative with respect to z. Simi-

larly, for a real-valued system in which A 2 R

m⇥n, x 2 R

n

and f : R ! R, we have

rg(x) = �1

2

A

T
[{y � f(Ax)}� f

0
(Ax)] . (10)

The update rule of the gradient descent method is given by

x

(t+1)
= x

(t) � 2�rg(x

(t)
) (11)

with a step-size parameter �(> 0) and an initial value x

(1).
The factor 2 in (11) is necessary to keep consistency with the
real-valued case.

IV. COMPLEX-FIELD TISTA

We now introduce C-TISTA, which is an extension of
TISTA to complex-field nonlinear inverse problems. To ad-
dress the problem, we use Wirtinger derivative in the gradient
step of TISTA and modify the MMSE estimator and error-
variance estimator to more flexible ones. The recursive for-
mulas of C-TISTA are given as follows:

r

(t)
:= s

(t)
+ �th(s

(t)
), (12)

s

(t+1)
:= ⌘(r

(t)
;�

(t)
), (13)

�

(t)
:= at + bt

ky � f(As

(t)
)k22

Tr(A

H
A)

, (14)

h(s) := W


{y � f(As)}⇤ � @f

@z

⇤ (As)

+{y � f(As)}� @f

⇤

@z

⇤ (As)

�
, (15)

where ⌘(z;�) : C ! C is a nonlinear function such as a
complex soft shrinkage function with error variance parameter
�, and W := (A

H
A)

�1
A

H (m  n) is a psuedo inverse
matrix of A. The initial value is set to s

(1)
= Wy, which is

the estimate by the zero-forcing (ZF) detector. The output of
the algorithm, i.e., the estimate after T iteration steps, is given
by x̂ := s

(T+1).
The first update rule (12) is a gradient step based on (7),

(11) whose step-size parameter is a trainable parameter �t(>

0). To improve signal recovery performance, we replace A

H

in (11) to W as in the original TISTA [5], [6]. In the second
update rule (13) called a projection step, the detected signal
is softly projected to a solution space of the original signal
based on the prior information. We can use various nonlinear
functions ⌘(·) depending on the system model.

As discussed in the following sections, the function ⌘(·)
uses the error variance between the true signal and r

(t), which
cannot be computed in practice. Instead, the error-variance
estimator in (14) approximates the error variance based on the
squared error between the noisy observation y and a tentative
estimate f(As

(t)
). The error variance estimator of TISTA [5],

[6], [7] can be naturally extended to the complex case. It has
the form a + bky � f(As

(t)
)k22/Tr(AH

A) where a and b

are constants if f is the identity function. We optimistically
assume that this error variance estimator can be used even if

f is nonlinear. The error variance estimator (14) including the
trainable parameters at and bt comes from this assumption.

The trainable parameters in C-TISTA (T iteration steps) are
thus 3T real scalars {�t, at, bt}Tt=1, which can be trained by an
incremental training based on the mini-batch training as in the
original TISTA [6]. The small number of trainable parameters
leads to the fast and stable training process, which is the same
strong point with TISTA.

V. NUMERICAL RESULTS: LINEAR SYSTEM

In this section, we investigate the recovery performance of
C-TISTA for complex linear systems y = Ax+w.

A. Sparse signal recovery for underdetemiend linear system

In the context of wireless communications, CS over complex
field has numerous applications [14] such as spectrum sens-
ing [15], angle of arrival detection [16], and channel estimation
of linear inter-symbol interference channels with a sparse
impulse response [17]. Several signal recovery algorithms for
CS over complex field have been proposed. For example,
complex approximate message passing (CAMP) is discussed
in [18]. Moreover, it is possible to use an iterative algorithm
such as a conventional AMP [19] designed for real-valued CS
problems in order to achieve successful recovery for complex-
field CS. This is because a complex-valued linear system can
be transformed into a real-valued system having double size.
However, such a transformation destroys correlation between
a real and imaginary part of the signal and it leads to sub-
optimal recovery performance if the real and imaginary part
of an input signal component is not independent [18].

The details of numerical experiments are as follows. The
system size is (n,m) = (300, 150). Each component of the
input vector follows the complex Gaussian-Bernoulli prior,

P (x) := (1� p)�(x) +

p

⇡�

2
x

exp

✓
� |x|2

�

2
x

◆
(16)

with p = 0.1 and �

2
x = 1.0. The function �(x) is the Dirac’s

delta function. This means that around 10% of components in
an input vector x is nonzero and these nonzero components
follows CN (0,�

2
x). We assume that each component of A fol-

lows CN (0, 1/m). The variance of the noise w is �2
= 0.02

2.
In C-TISTA, we used the complex soft shrinkage function [18]
⌘(x;�) : C ! C defined by

⌘(x;�) := S�(|x|)ej'(x)
, (17)

where '(x) is the phase of x and S� : R ! R is the soft
thresholding function, S�(x) := max{|x|��, 0}sign(x), with
the sign function sign(x). This function is a natural choice
for the complex Gaussian-Bernoulli prior and used in the
projection step (13) of C-TISTA.

The training parameters in C-TISTA is tuned by the incre-
mental training. The number of mini-batches is K = 1000

and the batch size is L = 200 in each generation of the
training process. The learning rate of the Adam optimizer is
set to ⇠ = 0.0005. The recovery performance is measured
by the normalized mean squared error (NMSE) defined by
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A 2 Cm⇥n, and f is a component-wise function that is
applied to each component of the argument. If the function f

is the identity function, the problem becomes a linear inverse
problem such as the CS problem over complex field. To
treat complex-valued problems, we replace a gradient step, an
update rule based on the gradient of the squared error function,
in the original TISTA to that using Wirtinger derivative for
non-analytic complex functions. C-TISTA is expected to be
applied to wide variety of wireless detection problems because
the complex-valued and/or nonlinear model is fairly general.

The other goal of this paper is to present signal recov-
ery performances of C-TISTA for several inverse problems
in wireless communications. We expect that the numerical
experiments indicate the potential of C-TISTA for detection
problems. In this paper, we will study the following problems:
(i) CS problem over complex field, (ii) signal recovery for
an underdetermined linear system with 8-PSK inputs (corre-
sponding to an overloaded MIMO scenario), and (iii) signal
recovery for a clipped OFDM system (nonlinear system with
16-QAM inputs).

The outline of the paper is as follows. Section II describes
notations and a system model. Section III is a brief review of
Wirtinger derivative and its application to the gradient descent
method. Section IV describes C-TISTA and we examine
its signal recovery performance in linear inverse problems,
namely (i) and (ii), in Section V. In Section VI, we will
demonstrate C-TISTA for a nonlinear inverse problem (iii).
Section VII is a summary of this paper.

II. PRELIMINARIES

A. Notation

A vector v = (v1, v2, . . . , vn)
T 2 Cn is a column vector.

For a complex-valued function f : C ! C, f(v) represents
the coordinate-wise application of f to v 2 Cn such that
f(v) := (f(v1), f(v2), . . . , f(vn)). For a complex vector z,
z

⇤ represents its conjugate. For a matrix A := (aij) 2 Cm⇥n,
A

H
:= (a

⇤
ji) is the Hermitian transpose of A.

B. System model

We consider a complex-field nonlinear system given by

y = f(Ax) +w, (1)

where A 2 Cm⇥n. The vector x 2 Cn is the input vector on
which a certain prior information such as sparsity is imposed.
Each component of the the additive noise w 2 Cm follows
the complex Gaussian probability density function CN (0,�

2
)

with variance �

2. The task of a signal recovery algorithm is
to infer the input vector from the observation y under the
assumption that the algorithm perfectly knows A and f .

III. GRADIENT DESCENT BY WIRTINGER DERIVATIVE

Before we describe C-TISTA, we briefly review Wirtinger
derivative and derive a gradient descent method for solving
the the least mean square (LMS) problem for (1), i.e.,

Minimize

x2Cn
g(x) := ky � f(Ax)k22, (2)

with no prior information.
A simple extension of the gradient descent method for a

real-valued problem is not applicable to the complex-valued
problem (2) because a function kzk22 = z

H
z is not analytic

and does not have complex differentiability. To overcome
this difficulty, we here use Wirtinger derivative in complex
analysis as an extension of partial derivative with respect to
real variables. For a function f : C ! C and z := zr+jzi 2 C
(zr, zi 2 R), we introduce a function F : R2 ! C such that
F (zr, zi) = f(z). Wirtinger derivative is then defined by

@f(z)

@z

:=

1

2


@

@zr
� j

@

@zi

�
F (zr, zi), (3)

@f(z)

@z

⇤ :=

1

2


@

@zr
+ j

@

@zi

�
F (zr, zi), (4)

by using partial derivatives [11], [12]. For a complex vec-
tor z 2 Cn, we introduce differential operators @

@z :=⇣
@

@z1
, . . . ,

@
@zn

⌘T

, and @
@z⇤ :=

⇣
@

@z⇤
1
, . . . ,

@
@z⇤

n

⌘T

. It is known
that the steepest descent direction is given by �@f/@z

⇤ [13],
not �@f/@z. We thus calculate rg(x) := �@g/@x

⇤ of (2)
to solve the LMS problem by gradient descent.

We first calculate the Wirtinger derivative with respect to
the first variable x

⇤
1 based on the assumption that the function

f is applied to a vector component-wisely. We have

@

@x

⇤
1

g(x) =� 1

2

mX

i=1


{yi � f(aix)}⇤

@

@x

⇤
1

(f(aix))

+{yi � f(aix)}
@

@x

⇤
1

(f

⇤
(aix))

�

=� 1

2

mX

i=1

a

⇤
i1


{yi � f(aix)}⇤

@f

@z

⇤ (aix)

+{yi � f(aix)}
@f

⇤

@z

⇤ (aix)

�
, (5)

where ai := (ai1, . . . , ain) (1  i  m) of A and @f
@z⇤ (u) :=

@f(z)
@z⇤

���
z=u

. We use a chain rule [12], i.e.,

@

@z

⇤ (f1 � f2) =
✓
@f1

@z

� f2
◆

@f2

@z

⇤ +

✓
@f1

@z

⇤ � f2
◆

@f

⇤
2

@z

⇤ , (6)

for functions f1, f2 : C ! C, and an identity @z/@z

⇤
=

@z

⇤
/@z = 0 in the second line of (5). Combining it with

derivatives with respect to other variables, we obtain

rg(x) = �1

2

A

H


{y � f(Ax)}⇤ � @f

@z

⇤ (Ax)

+{y � f(Ax)}� @f

⇤

@z

⇤ (Ax)

�
, (7)

where � is the Hadamard product, i.e., component-wise prod-
uct. For a linear model in which f(z) = z, we have

rg(x) = �1

2

A

H
(y �Ax). (8)

As another special case, if f(z) is analytic function, we have

rg(x) = �1

2

A

H
[{y � f(Ax)}� f

0
(Ax)] , (9)
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Fig. 6. Example of detected signals by (a) C-TISTA and (b) DFT when
SNR=17.5dB and PAPR=3dB. Each symbol represents a detected signal
{x̂i}n=128

i=1 before hard thresholding.

by C-TISTA locates nearly at 16-QAM signal points although
DFT is not the case. These results suggest that C-TISTA can
detect a discrete signal even in nonlinear inverse problems. In
terms of clipped OFDM systems, C-TISTA shows remarkable
signal detection performance compared with DFT and can be
combined with other OFDM techniques such as filtering and
coding easily.

VII. CONCLUDING REMARKS

In this paper, we propose C-TISTA for complex-field non-
linear inverse problems. C-TISTA consists of a gradient step
with Wirtinger derivatives, projection step with a complex
shrinkage function, an error-variance estimator, and small
number of trainable parameters. Numerical studies reveal that
C-TISTA achieves remarkable signal recovery performance in
various types of inverse problems such as a complex-valued
CS problem, discrete signal detection in a underdetermined
linear system, and discrete signal recovery for nonlinear
clipped OFDM systems. These results indicate a promising
potential of C-TISTA, which is applicable to a wide range of
inverse problems in wireless communications.
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by C-TISTA locates nearly at 16-QAM signal points although
DFT is not the case. These results suggest that C-TISTA can
detect a discrete signal even in nonlinear inverse problems. In
terms of clipped OFDM systems, C-TISTA shows remarkable
signal detection performance compared with DFT and can be
combined with other OFDM techniques such as filtering and
coding easily.

VII. CONCLUDING REMARKS

In this paper, we propose C-TISTA for complex-field non-
linear inverse problems. C-TISTA consists of a gradient step
with Wirtinger derivatives, projection step with a complex
shrinkage function, an error-variance estimator, and small
number of trainable parameters. Numerical studies reveal that
C-TISTA achieves remarkable signal recovery performance in
various types of inverse problems such as a complex-valued
CS problem, discrete signal detection in a underdetermined
linear system, and discrete signal recovery for nonlinear
clipped OFDM systems. These results indicate a promising
potential of C-TISTA, which is applicable to a wide range of
inverse problems in wireless communications.
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学習可能射影勾配法に基づく過負荷MIMO検出
アルゴリズム IEEE ICC 2019/ IEEE Access, 2019

学習可能射影勾配型復号法（LDPC符号） IEEE ISIT 2019

複素TISTA(C-TISTA) 
非線形観測再現 TBD

現在、popular Items 50にランクイン！！ 
IEEE Trans.on Signal Processing

現在進行中プロジェクト
Sparse CDMA, Quantized CS/MIMO,   Phase retrieval  
近接勾配法に基づく組み合わせ最適化, 分散最適化



モデルベース v.s. ブラックボックスベース

モデルベース 
アプローチ

ブラックボックス 
アプローチ
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Pros:

Cons:

ドメイン知識の有効活用 
原理からアルゴリズムの演繹的導出 
(例:事後確率計算→同時分布の 
因子分解→分配則の適用→BP)

ドメイン知識不要 
データ駆動型（帰納的）アルゴリズム
設計

解釈可能性問題 
スケーラビリティ

既存のアルゴリズムをよりパワー 
アップ(性能・柔軟性)するにはどうす
れば。。。？
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深層展開



むすび
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信号検出問題における非凸最適化アプローチについて、特にGDBF復号法を中心に説明
を行った→非凸最適化アプローチは信号処理アルゴリズムデザインにおける強力な原理 

非凸最適化も恐れずにやってみることが重要（非凸最適化の時代） 

特に深層展開について、その方法論・長所について詳細をご紹介した 

深層学習を利用する研究においては: 

われわれの慣れている研究の方法論（原理→アルゴリズム: 演繹的）とは異なる方
法論(データ→アルゴリズム: 帰納的)が必要であり、頭(考え方)の切り替えが必要 

どうしてもブラックボックス的部分は残る(解釈可能性問題)→そのような部分が最
小となるようにアルゴリズムを構成するのがよいのでは？ 

ブラックボックスモデルによりもたらされる柔軟性 

深層展開はシンプルかつ強力・非凸最適化問題のための頼れる武器


