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Physical layer wireless comm + ML
Wireless communications + Machine 
Learning (ML) is becoming a hot research 
topic, recently
Arise of deep learning (DL) 

mmWave massive MIMO, blind channel estimation, error correction, 
terminal localization, beam forming 

Deep learning became a key technology for image recognition, 
speech recognition, and natural text processing  
  Next generation signal processing is required for 5G/6G 

AI/ML becomes a key task for next gen. wireless comm: 
e.g., distributed learning, federated learning 

Fusion of AI/ML and wireless communications in near future 



Physical layer wireless comm + ML
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Type idea/concept

Black box modeling Simulation of channel / detector  
by deep neural networks, no prior knowledge 

Deep unfolding Applying standard DL technique to optimize  
parameterized iterative algorithms

Learning to optimize Simulation of convex/non-convex solver  
by neural networks

Distributed learning Independent training and gradient 
aggregation

Reinforcement learning Learning optimal strategy to control of an 
agent based on rewards 



Deep neural networks

W1h1 + b1
Linear layer 

Nonlinear activation 
function 

W h += b Bias  
vector

Weight matrix

h′�
ReLU(x) := max{0,x}
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fΘ : ℝn → ℝm

Θ = {W1, b1, W2, b2, …}



Training of deep neural networks
Θ = {W1, b1, W2, b2, …} ̂y = fΘ(x)

Loss 
function

x
loss(y, ̂y)

y

In a training process, the trainable parameters  
in   is optimized to minimize the value of the  
loss function

Θ

{(x1, y1), (x2, y2), …, (xK, yK)}



Deep unfolding
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Process A

Process B

Process C

A B C A B C

Trainable parameters 
parameters 

A recent survey: A. Balatsoukas-Stimming and C. Studer,  arXiv:1906.05774, 2019. 



Goal and outline
Goal
To present the basic concept of deep unfolding for  
proximal gradient descent algorithm 
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Preliminaries 

Compressed sensing 

Lasso 

Proximal gradient and ISTA 

Concept of deep unfolding 

LISTA 

Toy examples 

Brief review of TISTA



Compressed sensing

+ =

Sensing 
matrix

Goal: from the knowledge of A and y, estimate the source signal x 
as correct as possible 
# of unknown vars. > # of equations : under determined problem 

A
x

w y

N

M

Sparse 
Vector

Additive 
Noise

Observation 
Vector



Applications of CS in wireless comm.
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Channel estimation 

Angle of Arrival estimation 

Spectrum sensing 

NOMA 

A User’s Guide to Compressed Sensing for Communications Systems
K.HAYASHI, M. NAGAHARA and T. TANAKA
IEICE TRANS. COMMUN., VOL.E96‒B, NO.3 MARCH 2013



LASSO formulation for CS
LASSO

Squared error term

̂x = arg min
x∈ℝN

1
2

| |y − Ax | |2
2 + λ | |x | |1

(1) Prefers a vector x satisfying y = Ax  
(2) Differentiable 

L1-regularization term
(1) Prefers a sparse vector 
(2) non-differentiable 

• Convex problem 
• A plain gradient descent method cannot be applied to LASSO 
because of the non-differentiable term



Proximal operator
Proximal operator 

f(x) := |x | ( f : ℝ → ℝ)

(1) Similar to projection operation  
(2) Smoothness can be added to a non-differentiable function

 Proxγf(x) := arg min
u∈ℝn [f(u) +

1
2γ

| |x − u | |2
2 ]

Example: Proximal operator of L1-norm

f : ℝn → ℝ

Proxγf(x) := sign(x) max{ |x | − γ,0} =: η(x; γ)
i.e., Soft thresholding function  

-4 -2 2 4

-3

-2

-1

1

2

3



Proximal gradient method
Goal 

Proximal gradient method

min
x∈ℝn [f(x) + g(x)]

g(x) :  has simple proximal operator 
f(x) :  differentiable 

xn+1 := proxγg(x
n − γ∇f(xn))

• : gradient of   

• : gradient descent step 

∇f(xn) f

xn − γ∇f(xn)



ISTA: proximal gradient for LASSO

rt = st + βAT(y − Ast)

̂x = arg min
x∈ℝN

1
2

| |y − Ax | |2
2 + λ | |x | |1

LASSO

st+1 := η(rt; τ)

ISTA (Daubechies et.al, 2004)

(1) simple but slow to converge  
(2) choice of hyper parameters are very critical 

: gradient descent step 

: proximal step  



 Birth of deep unfolding

Process A

Process B

Process C

A B C A B C

Trainable parameters 

Gregor and LeCun first proposed this concept:   
K. Gregor, and Y. LeCun, 
``Learning fast approximations of sparse coding,'' 
Proc. 27th Int. Conf. Machine Learning, pp. 399--406, 2010. 



Recursive formula of LISTA
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2.2. スパース信号復元に関する関連研究 9

定義 2.1 関数 η : R !−→ Rが
E[η′(R)] = 0 (2.23)

を満たす時，ηをダイバージェンスフリー関数と呼ぶ．

ダイバージェンスフリー関数は任意の関数 η̂を用いて

ηDF(r) = C · (η̂(r)− ER[η̂
′(R)] · r) (2.24)

と構成することができる．ここで，パラメータCは任意の係数である．例として，関
数 η̂を軟判定閾値関数

η̂(r) = sign(r)max{|r|− τ, 0} (2.25)

としたとき，ダイバージェンスフリー関数は

ηDF(r) = C ·
(
η̂(r)−

(
1

N

N∑

i=1

I(|ri| > τ)

)
· r
)

(2.26)

となる．ここで，関数 I(|ri| > τ)は指示関数

I(|ri| > τ) =

{
1 (if |ri| > τ)

0 (if |ri| ≤ τ)
(2.27)

である．
誤差分散 v2t , τ

2
t の推定式は SEより導出される [18]．推定式の導出については次章に

て詳細を述べる．Maらは IIDガウシアン行列やユニタリ不変行列が観測行列の場合に
ついて，線形推定誤差と非線形推定誤差が統計的に直交することを用いてこの SEが信
頼できることを示した [18]．

2.2.4 LISTA

前述した ISTA，AMP，OAMPと異なるアプローチとして，ISTAの構造を持つニュー
ラルネットワークを用いたスパース信号復元法が提案された [27]．この手法はLearned

ISTAと呼ばれている．LISTAでは漸化式

rt = Bst + Sy (2.28)

st+1 = η(rt; τt) (2.29)

を T 回反復計算することにより推定信号 x̂ = sT を求める．参考として，LISTAの第 t

層の概要図を図 2.2に示す．

10 第 2章 基礎的事項

図 2.2: LAMPの t反復目の概要．学習可能パラメータはB, S, τt．st, yを受け取り st+1

を出力する．

LISTAは学習可能パラメータΘ = {S,B, {τt}T−1
t=0 }を持つ．学習可能パラメータの初期

値は ISTAの設定に基づき，S = βAT , B = I−SAと設定する．Gregorらは，ISTAにお
ける閾値 τ を層依存の閾値 τtにして，訓練データ {(y, x)}に基づき loss(Θ) = ||x̂− x||
を最小化するように学習可能パラメータ S,B, τtを調整することを提案した．学習可
能パラメータの調整には，深層学習において用いられている学習法を用いている．こ
れにより，LISTAは ISTAと比べて非常に高速な推定を可能とした．LISTAでは前述
した全ての層で学習をした行列 S,B を共有するモデルの他に，全ての層で独立に行
列 St, Bt の学習を行うモデルを考えることができる．全層で行列の共有を行う場合，
B ∈ RN×N , S ∈ RN×M より，学習可能パラメータサイズは |Θ| = N2 +NM + T とな
る．これに対して，全層で独立に行列の学習を行う場合には，前者より復元性能が少
し上昇するものの，学習可能パラメータサイズが |Θ| = T (N2 +NM + 1)となり，大
幅に総数が増加することになる．
ニューラルネットワークの学習可能パラメータは，学習後の振る舞いについての解
析が一般的には困難である．しかしながら，LISTAは ISTAの構造を基にニューラル
ネットワークを構成しているため，それぞれの学習可能パラメータの振る舞いを ISTA

を基に考察することができると考えられている．学習可能パラメータ τtに着目すると，
ISTAにおいて τ は軟判定閾値関数に対する閾値として用いられており，τ は rt − xの
標準偏差を用いることが良いとされている．このことから，LISTAでは大量の訓練サ
ンプルをもとに，統計的に rt − xの標準偏差の推定を行っていると考えることができ
る．また，ISTAでは τ の値は全ての反復で同じ値を用いているが，LISTAでは層ごと
に異なる τtを用いることで，推定信号 rtに合わせた τtを使用して収縮推定を行うこと
ができる．以上の特徴より，LISTAでは ISTAと比べて非常に高速な収束を可能とし
ている．
上述の手法以外にも，ISTAの構造を基にしたニューラルネットワークの構成につい
て様々な研究がされている．例えば，ISTAのパラメータ調整についてではなく，ISTA

における軟判定閾値関数をMSE最適な関数に置き換える手法が提案されている [31]．
この手法では，MSE最適な関数を近似した関数を収縮関数として使用することを考え

Trainable matrix 
parameters

rt = st + βAT(y − Ast)
st+1 := η(rt; τ)

Original ISTA:

LISTA



What is main benefit of deep unfolding?
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Simple quadratic function (convex) 

Naive gradient descent with random initial value

0.3. Demonstration of Data-driven Tuning

0.3.1. Trainable Gradient descent methods

To demonstrate data-driven tuning by a simple toy example, we here introduce the gradient

descent (GD) method and the trainable GD algorithm. The GD method is written by an

update rule of the search point:

st+1 = st � �rf(st) (13)

for t = 1, 2, . . . , T . The parameter � is the step size parameter that significantly a↵ects

the behavior of the search process. In this section, we assume that the initial point s1 =

(s1,1, s1,2) is chosen from the closed interval [�10, 10] uniformly at random.

According to the idea of data-driven tuning, we can replace the constant step size

parameter in (13) with the trainable parameters depending on t. We then have

st+1 = st � �trf(st). (14)

We call this method the trainable GD (TGD) algorithm hereafter. The aim of the follow-

ing experiments is to show the data-driven acceleration in TGD and a roll of trainable

parameters {�t}.

0.3.1.1. Example 1: 2D quadratic problem

Suppose a two-dimensional quadratic function given by f(x1, x2) = x
2
1 + qx

2
2, where q > 0

is a constant. Our task is to minimize f(x1, x2) by using GD or TGD. Figure 2 shows the

averaged error curves for q = 1 and q = 5. The error curves of TGD and GD are plotted

as functions of the number of iterations. The definition of the error curve is described in

12

0.3. Demonstration of Data-driven Tuning

0.3.1. Trainable Gradient descent methods

To demonstrate data-driven tuning by a simple toy example, we here introduce the gradient

descent (GD) method and the trainable GD algorithm. The GD method is written by an

update rule of the search point:

st+1 = st � �rf(st) (13)

for t = 1, 2, . . . , T . The parameter � is the step size parameter that significantly a↵ects

the behavior of the search process. In this section, we assume that the initial point s1 =

(s1,1, s1,2) is chosen from the closed interval [�10, 10] uniformly at random.

According to the idea of data-driven tuning, we can replace the constant step size

parameter in (13) with the trainable parameters depending on t. We then have

st+1 = st � �trf(st). (14)

We call this method the trainable GD (TGD) algorithm hereafter. The aim of the follow-

ing experiments is to show the data-driven acceleration in TGD and a roll of trainable

parameters {�t}.

0.3.1.1. Example 1: 2D quadratic problem

Suppose a two-dimensional quadratic function given by f(x1, x2) = x
2
1 + qx

2
2, where q > 0

is a constant. Our task is to minimize f(x1, x2) by using GD or TGD. Figure 2 shows the

averaged error curves for q = 1 and q = 5. The error curves of TGD and GD are plotted

as functions of the number of iterations. The definition of the error curve is described in

12

Gradient descent (GD)

Trainable gradient descent (TGD)
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Trainable parameter 



Minimization of quadratic function

Figure 2: Averaged error curves of TGD and GD for q = 1 (left) and q = 5 (right): The
horizontal axis represents the number of iterations and the vertical axis represents the
averaged error log10 kst � s

⇤k22 where st is the search point after t iterations, and s
⇤ is the

optimal solution. In the evaluation process, the outcomes of 10000 minimization trials with
random starting points are averaged.

Figure 3: Trained values of �t for q = 1 (left) and q = 5 (right). The details of the
training is as follows. The number of maximum number of iterations is set to T = 10. The
incremental training with the mini-batch size 50 is used. In a generation, 1000 mini-batches
are processed. The squared loss function is optimized by Adam optimizer with learning rate
0.001 in the mini-batch training. The initial value of �t is set to 0.01.
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Squared errors v.s. iterations

Figure 2: Averaged error curves of TGD and GD for q = 1 (left) and q = 5 (right): The
horizontal axis represents the number of iterations and the vertical axis represents the
averaged error log10 kst � s

⇤k22 where st is the search point after t iterations, and s
⇤ is the

optimal solution. In the evaluation process, the outcomes of 10000 minimization trials with
random starting points are averaged.

Figure 3: Trained values of �t for q = 1 (left) and q = 5 (right). The details of the
training is as follows. The number of maximum number of iterations is set to T = 10. The
incremental training with the mini-batch size 50 is used. In a generation, 1000 mini-batches
are processed. The squared loss function is optimized by Adam optimizer with learning rate
0.001 in the mini-batch training. The initial value of �t is set to 0.01.
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Values of 

Trainable GD shows faster convergence than GD with 
the fixed step size 

Iteration dependent step size is beneficial to 
accelerate the convergence 

γt



Deep unfolding: projected gradient

+ =

Noise Observation

A x w y

N

N

Problem: recover ｘ from y

∀i, − 1 ≤ xi ≤ 1



Projected gradient method
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with zero mean and unit variance. The signal y 2 Rn is asuumed to be generated by

y = Ax + w where w 2 Rn is an additive white Gaussian vector with zero mean and

varicance �
2. This problem is regarded as a maximal likelihood detection for the Gaussian

linear vector model where x, A, and y respectively represent a transmitted signal, channel

matrix, and received signal. The recursive formula of the PG algorithm is given by

rt = st + �A
T (y �Ast), (16)

st+1 = ' (⇠rt) , (17)

where t(= 1, . . . , T ) is tan iteration index, �(> 0) is a constant step size parameter, and

'(x) is a component-wise projection operator onto the box constraint whose ith element

(i = 1, · · · , n) takes �1 if xi  �1, 1 if xi � 1, and xi otherwise. The initial value is set to

s1 = 0.

The trainable PG (TPG) algorithm is then designed as in Section 0.2.1. The recursive

formula of the TPG algorithm is then given by

rt = st + �tA
T (y �Ast), (18)

st+1 = ' (⇠rt) , (19)

with T trainable parameters {�t}Tt=1.

In the following experiments, we set n = 1000 and � = 0.1. We examined two training

processes for TPG, the one-shot training (called “TPG-noINC”) and incremental training

(simply called “TPG”). In the training process, the batch-size is fixed to 100 and the

Adam optimizer with learning rate 0.001 (TPG-noINC) and 0.001 (TPG) is used. The

initial values of {�t}Tt=1 is set to 0.01. In both cases, the number of mini-batches is so

large that parameters are su�ciently converged. More concretely, the training stops if the

17
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Gradient step

Projection step

Gradient descent step 

Projection step 



Experiments: Trainable projected gradient

with zero mean and unit variance. The signal y 2 Rn is asuumed to be generated by

y = Ax + w where w 2 Rn is an additive white Gaussian vector with zero mean and

varicance �
2. This problem is regarded as a maximal likelihood detection for the Gaussian

linear vector model where x, A, and y respectively represent a transmitted signal, channel

matrix, and received signal. The recursive formula of the PG algorithm is given by

rt = st + �A
T (y �Ast), (16)

st+1 = ' (⇠rt) , (17)

where t(= 1, . . . , T ) is tan iteration index, �(> 0) is a constant step size parameter, and

'(x) is a component-wise projection operator onto the box constraint whose ith element

(i = 1, · · · , n) takes �1 if xi  �1, 1 if xi � 1, and xi otherwise. The initial value is set to

s1 = 0.

The trainable PG (TPG) algorithm is then designed as in Section 0.2.1. The recursive

formula of the TPG algorithm is then given by

rt = st + �tA
T (y �Ast), (18)

st+1 = ' (⇠rt) , (19)

with T trainable parameters {�t}Tt=1.

In the following experiments, we set n = 1000 and � = 0.1. We examined two training

processes for TPG, the one-shot training (called “TPG-noINC”) and incremental training

(simply called “TPG”). In the training process, the batch-size is fixed to 100 and the

Adam optimizer with learning rate 0.001 (TPG-noINC) and 0.001 (TPG) is used. The

initial values of {�t}Tt=1 is set to 0.01. In both cases, the number of mini-batches is so

large that parameters are su�ciently converged. More concretely, the training stops if the

17

0 5 10 15 20 25 30 35 40 45 50
itet rat ion

� 35

� 30

� 25

� 20

� 15

� 10

� 5

M
SE

 [
dB

]

PG � = 1.0 × 10� 4

PG � = 5.0 × 10� 4

PG � = 1.0 × 10� 3

TPG-noINC
TPG

0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.0010
step-size param eter �

� 35

� 30

� 25

� 20

� 15

� 10

� 5

M
SE

 [
dB

]

PG (T = 50)
PG (T = 300)
PG (T = 500)
PG (T = 1000)
TPG-noINC
TPG

Figure 6: (Left) MSE curves of PG (blue) with � fixed and TPG. The red and green curves
respectively represent the TPG algorihtm with/wihout incremental training. (Right) The
MSE performances as a function of the value of � in PG. The horizontal solid and dotted
lines respectively represents TPG with/without incremental training with T = 50.

able ISTA (TISTA) is based on the orthogonal approximation message passing (OAMP) [15]

known as the e↵ective iterative algorithm for LASSO. We first briefly review message pass-

ing algorithms for LASSO.

Among a large number of iterative algorithms for LASSO, AMP [8] is known as one

of the outstanding algorithms. It is based on a message passing algorithm whose recursive

formula is given by

rt = y �Ast + btrt�1, (20)

st+1 = S⌧t(st +A
T
rt), (21)

bt =
1

m
kstk0, ⌧t =

✓p
m
krtk2, (22)

where S⌧ (x) is the soft thresholding function (8) as a proximal operator and ✓(> 0) is

a constant. We used ✓ = 1.14 in the following experiments. In the iterations, r1 = 0 is

set as an initial value and st+1 is used as its output. Compared with ISTA (9), (10), one

of the main di↵erences is the term btrt�1 in (20). This term called Onsager correlation

19
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TISTA (Ito, Takabe, W)
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Definition of TISTA

TISTA

The recursive formula of TISTA are summarized as follows:

rt = st + γtW (y − Ast), (4)

st+1 = ηMMSE (rt ; τ
2
t ), (5)

v2t = max

{
||y − Ast ||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2t =
v2t
N

(N + (γ2
t − 2γt)M) +

γ2
tσ

2

N
trace(WW T ), (7)

! γt : trainable variable (trained by mini-batch training)
• W is the Moore-Penrose pseudo inverse of A 
• Only scalar step size parameter becomes trainable

D. Ito, S. Takabe, and T. Wadayama, ``Trainable ISTA for sparse signal recovery,'' 
IEEE Trans. Signal Processing,  vol. 67, no. 12, pp. 3113-3125, Jun., 2019. 



TISTA (Ito, Takabe, W,2019)

Definition of TISTA

TISTA

The recursive formula of TISTA are summarized as follows:

rt = st + γtW (y − Ast), (4)

st+1 = ηMMSE (rt ; τ
2
t ), (5)

v2t = max

{
||y − Ast ||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2t =
v2t
N

(N + (γ2
t − 2γt)M) +

γ2
tσ

2

N
trace(WW T ), (7)

! γt : trainable variable (trained by mini-batch training)

Proximal  
gradient

Estimation of error varianceMMSE Shrinkage function
Plots of ηMMSE as a function of a received signal y
α2 = 1, σ2 = 0.2, 0.8.

-3

-2

-1

0

1

2

3

-3 -2 -1 0 1 2 3

o
u
tp

u
t 
o
f 
M

M
S

E
 e

st
im

a
to

r

received signal 

Trainable parameter

Proximal mapping  
based on MMSE  
estimator



Block diagram of TISTA
The t-th iteration of the TISTA with learnable variable γt .
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Recovery performance of TISTA
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Figure 7: Sparse signal recovery for (n,m) = (300, 150), p = 0.1 and SNR= 50 dB. (Left)
MSE performances as a function of iteration steps. (Right) Trained values of �t under three
di↵erent mesurement matrices. The initial value is set to 1.0.

in this case. In the figure, we only show NMSE performances of TISTA and OAMP with

T = 20 to examine data-driven acceleration. It is found that TISTA outperforms OAMP

with a considerably large gain. e.g., 7.2 dB when T = 10. Moreover, the convergent solution

of TISTA (NMSE' 28 dB) is better than that of OAMP (NMSE' 25 dB). It shows that

the data-driven tuning is more e↵ective for harder situations because of its flexibility.

0.4.3.2. Binary sensing matrix

Another class of random sensing matrix is binary matrix whose elements independently

take�1 or 1 with equal probability. This kind of sensing matrix is closely related to a array

of spreading codes in the code division multiple access (CDMA).

Figure 8 (right) shows the MSE performance in the case of (n,m) = (300, 150), SNR=

30 dB, and sparsity p = 0.1. The estimate signal of AMP diverges in this situation because

the variance of sensing matrix elements is too large. On the other hand, LISTA, OAMP,

TISTA can estimate a signal. In particular, TISTA shows the best NMSE performance

among them indicating that TISTA e↵ectively recovery sparse signals under various types
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Number of trainable parameters
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は、ガウス雑音ベクトルである。圧縮センシングでは、与えら
れた観測ベクトル yから原信号 xを可能な限り高い精度で再現
することを目標とする。圧縮センシングは、最近では広い工学
分野においてその応用研究が進められている。例えば、医療画
像処理分野 (特にMRI)では、サンプリング回数削減を実現す
るための画像再現原理として注目されている。また無線通信分
野においてもランダムアクセスプロトコル、スペクトルセンシ
ング、通信路推定などの分野で応用研究が発表されている。
スパース信号再現アルゴリズムとして様々なアルゴリズムが

知られているが、ここではその一部について紹介するに留める。
ISTA [4] [5]は、古くから知られる反復型アルゴリズムであり、
次の再帰式に基づく計算を行う。

rt = st + βAT (y −Ast) (2)

st+1 = η(rt; τ). (3)

式 (2)は原信号に対する線形推定式であり、式 (3)は、軟しき
い値関数 (soft thresholding function)η(rt; τ)に基づく非線形
推定を表す関数である。以上の反復式は、元問題を Lasso形式
x̂ = argminx

1
2 ||y−Ax||22 + λ||x||1 に表現し、それを近接演算

子 (proximal operator)を利用した勾配法 (proximal gradient

descent)を書き下すと ISTAの反復式 (2)(3)が自然に導かれる。
ISTAは単純な反復計算に基づくアルゴリズムであり、その

計算量も少ない (1ラウンドの計算につき、O(N2)の計算量で
十分である)ため、大規模なスパース信号再現問題に対しても適
用が可能である。しかし、解への収束は一般に遅く、数百回か
ら数千回の反復が必要になることもある。また、ハイパーパラ
メータ β の設定も、かなりシビアであることが知られている。
観測行列がある種の条件を満たすときに、ISTAと比べて圧

倒的に高速な収束を見せるスパース信号再現アルゴリズムとし
て、近年では、AMP [6]がよく知られている。AMPは、ISTA

に似た反復型の構造を持っている。また、最近では、OAMPな
ど AMPを改良したアルゴリズムもいくつか提案されている。
4. 2 TISTAの詳細
ここでは、文献 [15] に基づき、TISTAの詳細について述べ

る。TISTAの反復処理は、次の通りまとめられる。

rt = st + γtW (y −Ast), (4)

st+1 = ηMMSE(rt; τ
2
t ), (5)

v2t = max

{
||y −Ast||22 −Mσ2

trace(ATA)
, ϵ

}
, (6)

τ2
t =

v2t
N

(N + (γ2
t − 2γt)M) +

γ2
t σ

2

N
trace(WWT ). (7)

行列W はセンシング行列 Aの疑似逆行列である。式 (4)と式
(5)は、ほぼ ISTAの線形推定式・非線形推定式と同様である。
ただし、TISTA では、収縮関数として軟しきい値関数の代わ
りにMMSE収縮関数 ηMMSE(y;σ

2)が利用されている。ここ
で、注目すべき点として、式 (4)に登場する変数 γt が TISTA

における学習可能パラメータである。このパラメータは、学習
プロセスにおいて適切な値に調整されることになる。式 (4)を
一種の勾配法の過程としてみるとき、γt はステップサイズを定

めるパラメータと見ることもできる。
ここで収縮関数である ηMMSE(y;σ

2)は

ηMMSE(y;σ
2) =

(
yα2

ξ

)
pF (y; ξ)

(1− p)F (y;σ2) + pF (y; ξ)
,

(8)

と定義される。ここで、 ξ = α2 + σ2 であり、F は F (z; v) =
1√
2πv

exp
(

−z2

2v

)
と定義される。この MMSE 収縮関数は元信

号の事前確率分布 (この場合、ベルヌーイ・ガウシアン事前分
布)により定まる。図 2に ηMMSE(y;σ

2)の概形を示す。
この図から見て取れるようにパラメータ σ2 の値により、収
縮関数の概形が制御されることになる。TISTA の反復過程に
おいて、この σ2 は推定誤差分散 τ2

t と等しく置かれており、推
定誤差分散により適切な値が自動的に設定される。
TISTA は ISTA をベースとして構成されたアルゴリズムで
あるが、学習パラメータの導入の仕方に大きな自由度があるこ
とを指摘しておきたい。TISTAの場合は γt として、スカラー
の学習可能パラメータを各反復処理ごとに導入している。一方、
既存の学習型スパース信号再生アルゴリズムである LISTA [11]

や LAMP [2]では、線形推定式に現れる行列そのものを学習可
能パラメータとして置いている。このように深層学習に基づい
て派生アルゴリズムを作り出す際には、高い構造上の自由度が
ある。どのような形で学習可能パラメータを導入するか、また
は可塑性のあるニューラルネットワーク関数近似をどの部分に
導入するか、などの慎重な吟味・検討が性能の良い派生アルゴ
リズム構成のためには重要となる。
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図 2 TISTA で利用される MMSE 収縮関数

表 1 学習可能パラメータ数の比較 (T ラウンドの処理を仮定)

TISTA LISTA LAMP

# of params T T (N2 +MN + 1) T (NM + 2)

既存のアルゴリズムをベースとして、学習可能なアルゴリズ
ムを構成する際には、どの部分を学習可能にするかの選択に
よって最終的なアルゴリズム全体の性能、学習プロセスの難易
度・速度は変わってくる。表 1 に TISTA, LISTA, LAMP に
おいて利用される学習可能パラメータ数の比較を示す。TISTA

は従前のアルゴリズムと比べて圧倒的に学習可能パラメータ数

— 6 —

から、サポートベクトルマシン [1]のように学習における大域
最適性の保証が可能な凸最適化に基づくアルゴリズムへの機械
学習研究者の興味の移り変わりがあったように見える。今は
ニューラルネットワーク研究の第 3次ブームがやってきている
状況であるが、それは、非凸最適化の復権、そして発展の時代
を意味しているのかもしれない。
世間的には、深層学習に対して、現状の技術水準を超えた期

待がちらほら出始めている気もするが、技術者・研究者として
は、冷静に、その技術的な核は何かを見定めながら、深層学習
技術とつきあっていくとともに、その可能性を関連研究分野に
おいて探るのが生産的である。
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Deep unfolding for proximal algorithms
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Our contributions based on TISTA
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Name of Algorithm Journal/Conference

Trainable ISTA (TISTA) for sparse  
signal recovery

ICC Workshop 2018 
IEEE Trans. on Signal Processing, 2019

Trainable projected gradient detector 
for massive overloaded MIMO ICC 2019, IEEE Access (accepted) , 2019

Complex-field TISTA(MIMO, OFDM, CS…) Globecom 2019 (submitted)

Trainable projected gradient decoder for 
LDPC codes ISIT 2019 (to be presented in next week)

Currently ranked in popular Items 50 of 
IEEE Trans.on Signal Processing

On going projects:
Sparse CDMA (simplest NOMA) 
Quantized MIMO,   Phase retrieval  
Combinatorial optimization based on proximal methods



Conclusion
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Concept of deep unfolding is introduced  

Ideas of compressed sensing, LASSO, ISITA, proximal 
gradient descent are explained  

TISTA for sparse signal recovery  

Fast: Shows fastest convergence among most of 
known sparse signal recovery algorithms 

Simple: Number of trainable parameters is small 

Massive parallelism: Suitable for neural-net 
friendly hardware (like GPU, TPU) 



Model-based v.s. Blackbox-based
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Domain knowledge can be used 
Many algorithms induced from  
mathematical principles

No domain knowledge needed 
Powerful new algorithm can be 
constructed

Interpretability problem 
Scalability

How can we improve  
known algorithms further ?
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Deep unfolding



TISTA vs OAMP (1) 

Figure 8: (Left) MSE performance of OAMP and TISTA for (n,m) = (300, 150), p = 0.18
and SNR= 30 dB. (Right) MSE performances for (n,m) = (300, 150), p = 0.1 and SNR= 30
dB with binary sensing matrix A 2 {1,�1}m⇥n as a function of iteration steps.

of random measurements for which AMP cannot work.

0.4.4. Application to real data: MNIST image recon-

struction

In the previous section, we show that TISTA realize data-driven acceralation in the Bayes

optimal setting, i.e., we know the prior distribution by which artificial data is generated.

As an example of applications to real data, we demonstrate sparse signal reconstruction of

the MNIST image dataset.

In the experiment, we consider an image reconstruction from a noisy compressed ob-

servation. The observation data y is generated by y = Ax + w where x 2 [0, 1]784 is a

vector corresponding to 28 ⇥ 28 normalized pixels of an MNIST image. A sensing matrix

A 2 R392⇥784 is sampled from Gaussian random matrix with mean zero and covariance

I/392. The variance of additive white Gaussian noise w is set to 0.03. In the training

process of TISTA, the training data is generated from MNIST training set images and
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TISTA vs OAMP (2) 
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t=20
TISTA OAMP

Figure 9: MNIST image reconstruction from compressed observations by TISTA and
OAMP.
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